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CREEP TRANSITION  OF SPHERICAL SHELL UNDER INTERNAL 

PRESSURE 
 

Abstract: The concept of the generalized strain measures has been useful to solve various elastic, plastic and 

creep problems. The objective of this paper to solve the creep transition problem in spherical shell under internal 

pressure using the concept of generalized strain measures and Seth’s transition theory of elastic, plastic and creep 

deformation. The expressions for the creep stresses and yielding are derived by taking the asymptotic behavior of 

creep transition. The results obtained have been discussed numerically and depicted graphically. The solution 

obtained does not use the adhoc assumptions given by Tresca or Von Mises. 
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                            I. INTRODUCTION 

The study of spherical shells is very important 

for various engineering applications. The elastic, 

plastic and creep transition problems have paramount 

importance in the analysis and design of spherical 

shells. Creep behaviour of spherical shells has been 

closely investigated by various authors by using 

Seth’s transition theory. Many authors like Rimrott, 

Wahl, Bailey [1-3] has obtained the creep stresses in 

the solids by considering the assumptions, like 

Tresca’s yield condition, small deformation , creep 

strain laws and incompressibility condition. But 

Seth’s transition theory does not use these adhoc 

assumptions. This theory of transition use the 

concept of generalized strain measures and by 

solving the equations of equilibrium, get non linear 

differential equations from which turning points can 

be obtained. Turning points are ± ∞ and -1where ± 

∞correspondents to elastic- plastic transitions and -1 

correspond to creep. The transition obtained is 

treated as asymptotic phenomenon at the turning 

points. The asymptotic solution through the principal 

stress difference gives the creep stresses and no semi 

empirical yield condition is necessary.  

Seth [4] has defined the concept of the 

generalized strain measures as 

𝑒𝑖𝑗 = ∫ [1 − 2𝑒𝑖𝑗
𝐴]

𝑛−2

2 𝑑𝑒𝑖𝑗
𝐴 = 

𝑒𝑖𝑗
𝐴

0

 

=
1

𝑛
[1 − (1 − 2𝑒𝑖𝑗

𝐴)]
𝑛

2 , (𝑖, 𝑗 = 1,2,3)           (1) 

Where n is the measure and 𝑒𝑖𝑗
𝐴 are the almansi finite 

strain components. In the terms of the almansi strain 

components 𝑒𝑖𝑗
𝐴 , [5] the principal components of the 

generalized strain measures are given as  

 

𝑒𝑖𝑗
𝑀 = [

1

𝑛
{1 − (1 − 2𝑒𝑖𝑗

𝐴)
𝑛

2}]
𝑚

                  (2) 

Where m, n are measure exponents and 𝑒𝑖𝑗
𝐴 are 

principal components of 𝑒𝑖𝑗
𝑀. These generalized strain 

measures can be reduced to the other strain measures 

for different set of m and n values. 

 

 II. GOVERNING DIFFERENTIAL EQUATIONS 

 

We consider a spherical shell of constant 

thickness under internal pressure having internal and 

external radii a and b respectively. Due to the 

symmetry of spherical shell, the displacement is 

purely radial. Therefore, the components of 

displacement in spherical coordinates (𝑟, 𝜃, 𝜙) are 

given as: 

u = r(1−β) , v = 0 , w = 0                             (3) 

where β is function of  r only. 

The generalized components of strain are given 

by equation (2) as: 

𝑒𝑟𝑟= 
1

   𝑛𝑚 [1 − (𝑟 𝛽′ + 𝛽)𝑛]𝑚      
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𝑒𝜃𝜃= 
1

   𝑛𝑚 [1 − 𝛽𝑛]𝑚    = 𝑒𝜙𝜙 

𝑒𝑟𝜃 = 𝑒𝑟𝜙 =  𝑒𝜃𝜙 = 0                                   (4) 

 

where 𝛽′ =  
𝑑𝛽  

𝑑𝑟  
 

The stress - strain relations for isotropic material 

are given by [6]. 

𝑇𝑖𝑗 = 𝜆𝛿𝑖𝑗𝐼1 + 2𝜇𝑒𝑖𝑗   ,   (𝑖, 𝑗 = 1,2,3)       (5) 

Using the equation (4) in the equation (5) 

having stress strain relations. 

 

𝑇𝑟𝑟 =
𝜆+2𝜇

𝑛𝑚
[1 − (𝑟 𝛽′ + 𝛽)𝑛]𝑚 + 

2𝜆

𝑛𝑚  [1 − 𝛽𝑛]𝑚 

𝑇𝜃𝜃 = 𝑇𝜙𝜙= 
𝜆

𝑛𝑚
[1 − (𝑟 𝛽′ + 𝛽)𝑛]𝑚+ 

2𝜆+2𝜇

𝑛𝑚
[1 − 𝛽𝑛]𝑚 

 

𝑇𝑟𝜃 = 𝑇𝑟𝜙 =  𝑇𝜃𝜙 = 0                            (6) 

The equations of equilibrium are all satisfied 

except 

 

  
𝑑𝑇𝑟𝑟

𝑑𝑟
   +     

2(𝑇𝑟𝑟− 𝑇𝜃𝜃)

𝑟
= 0                              (7) 

 

Using equation (6) in (7), we get the non - linear 

differential equation in 𝛽 as 

 

𝑃 𝛽(1 + 𝑃)𝑛−1 [1 − 𝛽𝑛(1 + 𝑃)𝑛]𝑚−1 𝑑𝑃

𝑑𝛽
  

+[1 − 𝛽𝑛(1 + 𝑃)𝑛]𝑚−1𝑃(1 + 𝑃)𝑛 − 2(1 −

𝑐)[1 − 𝛽𝑛]𝑚−1𝑃 +
 2𝑐

  𝑚𝑛𝛽𝑛
[{1 − 𝛽𝑛(1 +

(8) 

𝑃)𝑛}𝑚−1 −  {1 − 𝛽𝑛}𝑚] = 0 
               

Where  𝑐 =  2𝜇 𝜆 + 2𝜇⁄  is the compressibility 

factor and r 𝛽′ = 𝛽P   such that P is function of    𝛽   

and 𝛽 is the function of r. Turning points of  𝛽 from 

equation (8) are 𝑃 → −1 𝑎𝑛𝑑 𝑃 →  ±∞  where the 

transition points 𝑃 →  ±∞ corresponds to elastic-

plastic transition and 𝑃 → −1 is related to creep 

transition. Therefore, we take into the consideration 

the case only 𝑃 → −1. 

 

III .SOLUTION THROUGH PRINCIPAL STRESS 

DIFFERENCE 

 

In order to calculate the creep stresses, we 

define the transition function R = (𝑇𝑟𝑟 − 𝑇𝜃𝜃) 

through the principal stress difference as taken by 

Seth, Hulsarkar, Gupta [4, 5, 7]. 

(𝑇𝑟𝑟 − 𝑇𝜃𝜃) =  
2𝜇  

𝑚𝑛  
 [[{1 − 𝛽𝑛(1 + 𝑃)𝑛}𝑚 −

 {1 − 𝛽𝑛}𝑚]] 
(9) 

 

On taking the logarithmic differentiation with respect 

to 𝛽, we get, 

 

 

𝑑(𝑙𝑜𝑔𝑅) 

𝑑𝛽  
= 𝑚𝑛 ×  

{1−𝛽𝑛(1+𝑃)𝑛}𝑚−1 [−𝛽𝑛−1(1+𝑃)𝑛−𝛽𝑛(1+𝑃)𝑛−1𝑑𝑃

𝑑𝛽
]+ {1−𝛽𝑛}𝑚−1𝛽𝑛−1 

[{1−𝛽𝑛(1+𝑃)𝑛}𝑚− {1−𝛽𝑛}𝑚]
         (10) 

 

Using the value of 
𝑑𝑃

𝑑𝛽
 from equation (8) in (10), 

we get as 

 

 

 

𝑑(𝑙𝑜𝑔𝑅) 

𝑑𝛽  
= 𝑚𝑛 𝛽𝑛−1   

2(1−𝑐){1−𝛽𝑛}𝑚−1+ {1−𝛽𝑛}𝑚−1−
2𝑐

𝑚𝑛𝛽𝑛𝑃
[{1−𝛽𝑛(1+𝑃)𝑛}𝑚− {1−𝛽𝑛}𝑚] 

[{1−𝛽𝑛(1+𝑃)𝑛}𝑚− {1−𝛽𝑛}𝑚]
                 (11) 

 

 

 

By taking the asymptotic value at  𝑃 → −1 , the 

equation (11) becomes 
𝑑(𝑙𝑜𝑔𝑅) 

𝑑𝛽  
=  

𝑚𝑛{1−𝛽𝑛}𝑚−1𝛽𝑛−1 (3−2𝑐)

[1− (1−𝛽𝑛)𝑚]
 +

2𝑐

𝛽
              (12) 

 

Integrate eq. (12) with respect to 𝛽, we have 

 

𝑅 =  𝐴0𝑟−2𝑐[1 − (1 − 𝛽𝑛)𝑚]3−2𝑐             (13) 

 

where 𝐴0 is the constant of integration. 

 

The asymptotic value of 𝛽 when 𝑃 → −1 is 

given by D/r where D is constant. Using the value of  

𝛽 in eq. (13), we have 

  

𝑅 = (𝑇𝑟𝑟 − 𝑇𝜃𝜃) =  𝐴0𝑟−2𝑐  [1
−  (1 − 𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐 

(14) 

       

 

We can find the value of  𝑇𝑟𝑟 using the eq. (14) in the 

eq. (7). 

𝑇𝑟𝑟 =−2𝐴0 ∫  𝑟−2𝑐−1[1 −  (1 −

𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐𝑑𝑟 +  𝐴1 

(15) 
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where 𝐴1 is the constant of the integration and can be 

find using the following boundary conditions. The 

boundary condition for the spherical shell under 

internal pressure is given by [5]. 

𝑇𝑟𝑟  =  −𝑝   at r = a and  𝑇𝑟𝑟 = 0    at r = b. 

Therefore, the values of constants are 

 

𝐴1 = [2𝐴0 ∫  𝑟−2𝑐−1[1 − (1 − 𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐𝑑𝑟 ]𝑟=𝑏  

 

𝐴0 =  
−𝑝

2 ∫  𝑟−2𝑐−1[1− (1−𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐𝑑𝑟
𝑏

𝑎

  

Put the values of these constants  𝐴0 and 𝐴1 in 

the eq. (14) and (15), we get as 

 

𝑇𝑟𝑟 = −𝑝 
∫  𝑟−2𝑐−1[1− (1−𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐𝑑𝑟

𝑏
𝑟

2 ∫  𝑟−2𝑐−1[1− (1−𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐𝑑𝑟
𝑏

𝑎

          (16) 

 

𝑇𝜃𝜃 = 𝑇𝜙𝜙 = 𝑇𝑟𝑟

+ 
𝑝 𝑟−2𝑐[1 − (1 − 𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐

2 ∫  𝑟−2𝑐−1[1 −  (1 − 𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐𝑑𝑟
𝑏

𝑎

 
(17) 

           

Eq. (14) represents single stage of the creep. If 

we have to show all three stages of the creep, we 

shall add the increment value of  (𝑇𝑟𝑟 − 𝑇𝜃𝜃) as [5, 

8]. Therefore, we have  

 

 

𝑅 = (𝑇𝑟𝑟 − 𝑇𝜃𝜃) =  𝐴0𝑟−6𝑐−3  ∏ [1 −𝑚,𝑛

 (1 − 𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐 
(18) 

 

Where m and n have three set values which are 

corresponding to one stage of the creep and the 

transitional creep stresses are given as: 

 

𝑇𝑟𝑟 = −𝑝 
∫  𝑟−6𝑐−3 ∏ [1− (1−𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐𝑑𝑟𝑚,𝑛

𝑏
𝑟

2 ∫  𝑟−6𝑐−3 ∏ [1− (1−𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐𝑑𝑟𝑚,𝑛
𝑏

𝑎

     (19) 

 

𝑇𝜃𝜃 = 𝑇𝜙𝜙 = 𝑇𝑟𝑟 +

 
𝑝 𝑟−6𝑐−3 ∏ [1− (1−𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐

𝑚,𝑛

2 ∫  𝑟−6𝑐−3 ∏ [1− (1−𝐷𝑛𝑟−𝑛)𝑚]3−2𝑐𝑑𝑟𝑚,𝑛
𝑏

𝑎

                     (20) 

 

                   IV. STEADY STATE OF CREEP 

 

The secondary stage of the creep is treated as 

the steady state and the transitional creep stresses for 

this stage can be obtained by taking m=1 in the 

equation (19). Therefore, we get as  

 

𝑇𝑟𝑟 = −𝑝 
∫  𝑟−3𝑛+2𝑐(𝑛−1)−1𝑑𝑟

𝑏

𝑟

2 ∫  𝑟−3𝑛+2𝑐(𝑛−1)−1𝑑𝑟
𝑏

𝑎

 

 

𝑇𝑟𝑟 =  −𝑝
[(

𝑏

𝑟
)

3𝑛−2𝑐(𝑛−1)
−1]

[(
𝑏

𝑎
)

3𝑛−2𝑐(𝑛−1)
−1]

                  (21) 

 

 𝑇𝜃𝜃 = 𝑇𝜙𝜙 = 𝑇𝑟𝑟 + 
𝑝 𝑟−3𝑛+2𝑐(𝑛−1)

2 ∫  𝑟−3𝑛+2𝑐(𝑛−1)−1𝑑𝑟
𝑏

𝑎

   

 

 𝑇𝜃𝜃 =  𝑝
1

2
 [𝑛(3−2𝑐)−2(1−𝑐)] (

𝑏

𝑟
)

3𝑛−2𝑐(𝑛−1)
   +   1

(
𝑏

𝑎
)

3𝑛−2𝑐(𝑛−1)
−  1

       (22) 

 

Results obtained are same as given by 

Hulsarkar[9] for the isotropic materials. It is also 

noted that the value of | 𝑇𝑟𝑟 −  𝑇𝜃𝜃 |  is maximum at r 

= a. Therefore, the initial yielding starts at the 

internal surface of the spherical shell given as 

 

Y (yield stress) = | 𝑇𝑟𝑟 − 𝑇𝜃𝜃  | =

 
𝑝 𝑎−3𝑛+2𝑐(𝑛−1)

2 ∫  𝑟−3𝑛+2𝑐(𝑛−1)−1𝑑𝑟
𝑏

𝑎

                      (23) 

 

From eq. (23), we can define the yielding ratio 

as  

 
 Y

 p
=

−3𝑛+2𝑐 (𝑛−1)

  2 (
𝑏

𝑎
)

3𝑛−2𝑐(𝑛−1)
−  1

                                (24) 

 

 

                                         TABLE 1 

YIELDING RATIO FOR DIFFERENT THICKNESS RATIO For n=2 

 

Thickness ratio (
𝑏

𝑎
) Yielding ratio 

C=0 C=0.25 C=0.50 C=0.75 

2 3.0470 2.8121 2.5806 2.3500 

3 3.0042 2.7565 2.5103 2.2663 

4 3.0009 2.7513 2.5024 2.2500 

 

  



Impact Factor ISRA (India)        =  1.344  

Impact Factor ISI (Dubai, UAE) = 0.829 
based on International Citation Report (ICR)  

Impact Factor GIF (Australia)     = 0.356  

Impact Factor JIF                     = 1.500 

Impact Factor SIS (USA)         = 0.912 

Impact Factor РИНЦ (Russia) = 0.179 

Impact Factor ESJI (KZ)          = 1.042 

 

ISPC The Combination of Technology & 

Education, Östersund, Sweden    204 

 

 
 

 

 

                                       TABLE 2 

YIELDING RATIO FOR DIFFERENT THICKNESS RATIO    For n=3 

 

Thickness ratio (
𝑏

𝑎
)                           Yielding ratio            

C=0 C=0.25 C=0.50 C=0.75 

2 4.5090 4.0157 3.5275 3.0476 

3 4.5004 4.0006 3.5016 3.0041 

4 4.5000 4.0000 3.5002 3.0007 

 

 
Figure 1 - Yielding ratio for different thickness ratio for n=2. 

 

 
Figure 2 - Yielding ratio for different thickness ratio for n=3. 

 

 

In the fig.1 and fig.2, the graph have been 

plotted between the shell thickness ratio and yielding 

ratios for n=2 and n=3 respectively. It is seen that 

yielding is higher in the spherical shells having lesser 

thickness ratio. Therefore, the pressure required to 

yield in thinner shells as compared to thicker shell is 

more.   

 

Incompressible material: 

 

As a particular case, we obtain the transitional 

creep stresses for compressible material by 

approaching c to zero. Therefore eq. (21) and (22) 

become as 

 

𝑇𝑟𝑟 =  −𝑝
[(

𝑏

𝑟
)

3𝑛
−1]

[(
𝑏

𝑎
)

3𝑛
−1]

 , 

 

𝑇𝜃𝜃 =  𝑝
1

2
 [3𝑛−2] (

𝑏

𝑟
)

3𝑛
   +   1

(
𝑏

𝑎
)

3𝑛
−  1

                (25) 
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In order to find the Creep stresses, we introduce 

the non-dimensional components as following: 

R = r/b,  𝑅𝑜 = a/b, 𝜎𝑟 =  𝑇𝑟𝑟/𝑝 ,  𝜎𝜃 = 𝑇𝜃𝜃/𝑝. 

 

Therefore, the equations (21), (22) in magnitude 

are given as           

 

𝜎𝑟 =  
[(R )−3𝑛+2𝑐(𝑛−1)−1]

[(𝑅𝑜)−3𝑛+2𝑐(𝑛−1)−1]
  

 

 

𝜎𝜃 =  
1

2
 [𝑛(3−2𝑐)−2(1−𝑐)] (R)−3𝑛+2𝑐(𝑛−1)   +   1

(𝑅𝑜)−3𝑛+2𝑐(𝑛−1)−  1
            (26) 

 

For incompressible material, 

 

 

𝜎𝑟 =  
[(R )−3𝑛−1]

[(𝑅𝑜)−3𝑛−1]
,   𝜎𝜃 =  

1

2
 [3𝑛−2] (R)−3𝑛   +   1

(𝑅𝑜)−3𝑛−  1
        (27) 

 

Further the creep strain rates can be calculated 

for this creep transition problem of spherical shell 

under internal pressure. For this, Creep sets in the 

strain should be replaced by creep strain rates and the 

stress-strain relation is given by [11]. 

 

                   𝑒𝑖𝑗̇ =
1+ ѵ

𝐸
𝑇𝜃𝜃 −

𝜎

𝐸
 𝛿𝑖𝑗  θ                   (28)                                                                

  

where 𝑒𝑖𝑗̇  is the strain tensor with respect to 

parameter t and ѵ =  
1−c

2−c
  is the poisson ratio. 

 

On differentiation of equation (1.4) with respect 

to t at m=1 

 

eθθ̇ = −β
n−1

β̇                            (29) 

If 𝜀𝜃𝜃 is the Cauchy strain measure, then 

 𝜀𝜃𝜃̇ = −β̇                                    (30) 

Now  when 𝑃 → −1 in equation (1.9) for m=1, 

we get the transition value of β as 

𝛽 = [
𝑛

2𝜇
 (𝑇𝑟𝑟 − 𝑇𝜃𝜃)]

1

𝑛
 

By using equations (29), (30),(31) in equation 

(28), we get expression for creep strains. 

 𝜀𝑟𝑟̇ = 𝑘 [𝑇𝑟𝑟 −  (
1 − c

2 − c
  ) (𝑇𝜙𝜙 + 𝑇𝜃𝜃) ] 

 𝜀𝜃𝜃̇ = 𝑘 [𝑇𝜃𝜃 −  (
1 − c

2 − c
  ) (𝑇𝑟𝑟 + 𝑇𝜃𝜃) ] 

 𝜀𝜙𝜙̇ = 𝑘 [𝑇𝜙𝜙 −  (
1 − c

2 − c
  ) (𝑇𝑟𝑟 + 𝑇𝜃𝜃) ] 

where 𝑘 = [
𝑛

2𝜇
 (𝑇𝑟𝑟 − 𝑇𝜃𝜃)]

1

𝑛
×

1

𝐸
. These equations 

are similar with the results given by Bailey[12] for 

creep strains. These are known as constitutive 

equations useful for finding creep stresses. 

 

 

         VI. NUMERICAL DISCUSSION 

 

The figures 1, 2 are drawn to calculate the 

yielding and pressure for different shell thickness 

ratio. It is observed that yielding is higher in shells 

having lesser thickness ratio and the pressure 

required to yield in thinner shells as compared to 

thicker shell is more. In the figure (3,4,5,6),curves 

have been drawn between stresses and the radii ratios 

R = r/b with different compressibility factors. It is 

noted that stresses are maximum at the internal 

surface of shells and stresses obtained for the 

incompressible materials are more than the stresses 

in the compressible materials. Therefore, we can say 

that the spherical shells made of the incompressible 

material need high pressure to yield as compared to 

spherical shell made of the compressible material. It 

is also concluded that secondary creep or steady state 

are applicable for m=1, where as the primary and 

tertiary creep stresses can be obtained for any value 

of m. The graphs have drawn similar with Guven[10] 

in the elastic-plastic problem of rotating disk with  

rigid inclusion. 

                           

                             
 

Figure 3 - Stresses drawn for different radii ratios(C=0). 
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Figure 4 - Stresses drawn for different radii ratios(C=0.25). 

                    

 
 

 

Figure 5 - Stresses drawn for different radii ratios(C=0.50). 

                    

                                   

 
 

Figure 6 - Stresses drawn for different radii ratios(C=0.75). 
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Nomenclature: 

𝑒𝑖𝑗
𝐴        –   Principal finite strain component 

u, v, w  –   displacement components,[m] 

𝑟, 𝜃, 𝜙  – Radial, circumferential and axial directions 

respectively 

a ,b       –   internal and external radii of the spherical 

shell,[m]  

 c         –   Compressibility factor 

𝑇𝑖𝑗 , 𝑒𝑖𝑗 –   Stress and strain tensors,[kg𝑚−1𝑠−2] 

Y         –   Yield stress,[ kg𝑚−1𝑠−2] 
p          –   Pressure,[Pa]    
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