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Introduction 

Due to the increased interest in the development 

of new approaches to solving urgent modern problems 

of non-destructive remote control of materials, medical 

diagnostics, geoacoustic problems associated with 

seismic sounding of underground engineering 

structures and several others, it becomes necessary to 

formulate and analyze some model problems, the 

solution of which will give the key to the development 

of new highly effective methods for actively sensing in 

homogeneities. Any heterogeneity, together with its 

surrounding medium, must possess, like any elastic 

mechanical system, some spectrum of natural 

frequencies. Since the oscillations of the inclusion and 

the surrounding medium, are interconnected, the 

damping of the oscillations due to the emission of 

elastic waves will occur and, therefore, the natural 

frequencies will be complex. Thus, the tasks associated 

with the identification of heterogeneities, with the 

determination of their size and physical characteristics, 

are very important and relevant. Since geophysicists 

use different approaches for these purposes, such as 

gravity exploration, electromagnetic methods, the 

study of electrical conductivity, etc., the seismic 

method is perhaps the most direct and, when 

interpreted, gives the least doubtful results. In this case, 

it is natural to expect that when the frequency of the 

incident wave is close to the real component of the 
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natural frequency, the heterogeneity will begin to 

radiate energy in the resonant mode. Therefore, for 

practical purposes, identifying possible resonance 

peaks on the spectral curve and establishing their 

relationship with the corresponding heterogeneities, it 

is very important to know the natural oscillation 

frequencies of elastic inclusions in an infinite elastic 

medium [2,3]. On the basis that numerical analysis of 

the behavior of the scattering cross section, the authors 

of the monograph [4] suggested that the extremal 

values of the cross section are observed when the 

frequency of the incident wave is close to the resonance 

frequencies of the medium – scattering center system, 

but no such consideration was performed. This gap was 

substantially filled after the publication of a number of 

articles [5–7], in which, using the analysis of the echo 

signal, the resonance properties of liquid cylinders and 

spheres placed in an infinite elastic medium are 

studied. A similar approach can be used to study the 

tectonic physical phenomenon - the behavior of the 

earthquake source. In the seismic field recorded by the 

seismic receiver, the heterogeneity will leave a mark in 

the form of some distortions of the original seismic 

wave. In spectral analysis, these distortions should 

appear in the form of some resonance peaks in the 

spectral curve, as is the case when determining the 

scattering cross section. Recently, experimental work 

has been intensively conducted on the propagation of 

ultrasonic waves in static models of elastic medium 

containing foreign inclusions and fractured zones [8]. 

An ideal elastic body has no losses [9,10]. Even if the 

equation is linear with respect to stress and strain, the 

presence of temporary derivatives is always associated 

with dissipation. As a result, under alternating voltage, 

a hysteresis effect occurs. This means that in the 

frequency range in which the attenuation is noticeable, 

the deformation will lag behind the stress. Such a 

connection, firstly, leads to the interaction of the 

considered elastic wave with other waves (for example, 

with thermal oscillations) and as a result there is a 

redistribution of energy between the waves. Secondly, 

the wave under consideration will generate higher 

harmonics, transmitting its energy to them. In both 

cases, the interaction depends on the strain amplitude. 

The nonlinear relationship between stress and strain in 

the presence of time derivatives also leads to damping, 

depending on the strain amplitude. In addition, the 

study of heterogeneity is of great interest for the study 

of an important tectonic physical phenomenon - the 

behavior of the focus of the impending earthquake. 

Now, among seismologists, the idea of the zone of 

preparation of seismic shocks is widely accepted as an 

area with elastic-density characteristics changing as a 

result of tectonic movements. From a mechanical point 

of view, this corresponds to heterogeneity with 

longitudinal and transverse wave velocities slightly 

changed relative to the external elastic medium, as well 

as, possibly, with density. Any heterogeneity, together 

with its surrounding medium, must possess, like any 

elastic mechanical system, some spectrum of natural 

frequencies. Since the oscillations of the inclusion and 

the surrounding medium are interconnected, the 

damping of the oscillations due to the emission of 

elastic waves will occur and, therefore, the natural 

frequencies will be complex [11]. From a physical 

point of view, attenuation in an ideal elastic medium is 

explained by energy radiations excited by natural 

oscillations due to diverging elastic waves. The 

behavior of complex self-frequencies depending on the 

geometric and physical-mechanical parameters of the 

system is investigated. The interest in studying the self-

frequencies of the system elastic inclusion - medium is 

also due to the following circumstance. When a 

heterogeneity is detected by seismic waves either from 

weak earthquakes or from pulsed artificial sources such 

as pneumatic emitters, the scattering problem must be 

solved in an unsteady setting. Such a body is 

characterized by a linear unambiguous relationship 

between stress and strain over the entire period of 

alternating stress. It follows that stress and strain are 

always in phase. The energy dissipation of the elastic 

wave will occur if the stress and strain are not uniquely 

related during the period of oscillation. The absence of 

such an unambiguous relationship between stress and 

strain arises when time derivatives appear in the 

equation connecting them [12]. 

As is well-known, in this case, for calculating the 

wave field, the stationary solution should be integrated 

over the frequency along with the spectrum of the 

given incident pulse. The resulting integral can, in 

general, be calculated by any direct numerical method. 

In some cases, however, preference should be given to 

the method of integration using theory of residues in 

the form of an expansion at the poles of the integrand, 

since it is this method that can reveal a number of 

useful physical features of the diffraction process. We 

note that the poles of interest to us coincide with the 

roots of the self-frequency equation and, therefore, in 

order to be able to deal with the problems of unsteady 

diffraction of elastic waves in the future, a thorough 

study of the behavior of the roots of the frequency 

equations depending on the ratio of the elastic-density 

parameters of the medium and inclusion is necessary 

[13]. This article discusses the oscillations of spherical 

bodies in a deformable medium. The main attention in 

the work will be given to the study of low-contrast 

heterogeneity. In this case, we were guided by the 

following considerations. The physical nature of such 

heterogeneities is closely related to convective currents 

in the earth's interior, as well as to various areas of 

faults and fragmentations. Such inclusions are very 

common and, therefore, have a significant effect on the 

scattering of seismic waves. 

 

Basic relationships and equations. 

The basic equations of motion of deformable 

(elastic or viscoelastic) spherical inclusions in an 
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infinite viscoelastic medium with linear self-

oscillations have the form 

(𝜆̃𝑗 + 2𝜇̃𝑗)𝑔𝑟𝑎𝑑𝑑𝑖𝑣𝑢⃗ − 𝜇̃𝑗𝑟𝑜𝑡𝑟𝑜𝑡𝑢⃗ = 𝜌𝑗
𝜕2𝑢⃗⃗ 

𝜕𝑡2 ,   j=1,2                    

(1) 

Where, 

𝜆̃𝑗𝜙(𝑡) = 𝜆0𝑗 [𝜙(𝑡) − ∫ 𝑅𝜆𝑗(𝑡 − 𝜏)𝜙(𝑡)𝑑𝜏
𝑡

0

] ; 

𝜇̃𝑗𝜙(𝑡) = 𝜇0𝑗 [𝜙(𝑡) − ∫ 𝑅𝜇𝑗(𝑡 − 𝜏)𝜙(𝑡)𝑑𝜏
𝑡

0
].    (2) 

𝜆̃ and 𝜇̃ -operators modulus of elasticity [14,15], 

𝜙(𝑡)–arbitrary function of time; 𝜌𝑗-density, 𝑅𝜆(𝑡 − 𝜏) 

and 𝑅𝜇(𝑡 − 𝜏) –relaxation core and 𝜆01, 𝜇01–instant 

modulus of elasticity. We take the integral terms in (2) 

small, then the function 𝜙(𝑡) = 𝜓(𝑡)𝑒−𝑖𝜔𝑅𝑡, where 

𝜓(𝑡)-slowly changing function of time, 𝜔𝑅-real 

constant. Further, applying the freezing procedure [16], 

we replace relations (2) with approximate forms 

𝜆̄𝜙 = 𝜆01[1 − 𝛤𝜆
С(𝜔𝑅) − 𝑖𝛤𝜆

𝑆(𝜔𝑅)]; 

𝜇̄𝜙 = 𝜇01[1 − 𝛤𝜇
С(𝜔𝑅) − 𝑖𝛤𝜇

𝑆(𝜔𝑅)]𝜙,        (3) 

where 

𝛤𝜆
𝐶(𝜔𝑅) = ∫ 𝑅𝜆(𝜏) 𝑐𝑜𝑠 𝜔𝑅 𝜏𝑑𝜏;

∞

0

𝛤𝜆
𝑆(𝜔𝑅)

= ∫ 𝑅𝜆(𝜏) 𝑠𝑖𝑛 𝜔𝑅 𝜏𝑑𝜏
∞

0

, 

𝛤𝜇
𝐶(𝜔𝑅) = ∫ 𝑅𝜇(𝜏) 𝑐𝑜𝑠 𝜔𝑅 𝜏𝑑𝜏

∞

0
, 𝛤𝜇

𝑆(𝜔𝑅) =

∫ 𝑅𝜇(𝜏) 𝑠𝑖𝑛 𝜔𝑅 𝜏𝑑𝜏
∞

0
, 

-the cosine and sine Fourier images of the core 

relaxation material, respectively. As an example of a 

viscoelastic material, we take three parametric 

relaxation nuclei 𝑅𝜆(𝑡) = 𝑅𝜇(𝑡) = 𝐴𝑒−𝛽𝑡/𝑡1−𝛼. On 

the function of influence 𝑅(𝑡 − 𝜏) imposed the usual 

inerrability requirement, continuity (except 𝑡 = 𝜏 ), 

sign-definiteness and monotony: 

𝑅⟩0,
𝑑𝑅(𝑡)

𝑑𝑡
≤ 0,0⟨∫ 𝑅(𝑡)𝑑𝑡⟨1

∞

0

. 

Our task is to study periodic processes in a 

continuous elastic medium with a spherical inclusion 

that differs in its elastic-density and rheological 

characteristics from the corresponding characteristics 

of the enclosing medium. Therefore, we take the time 

dependence in the form 𝑢⃗ = 𝑈⃗⃗ (𝑟, 𝜃, 𝜑)е𝑖𝜔𝑡 . Spatial 

coordinate function 𝑈⃗⃗ (𝑟, 𝜃, 𝜑) can be represented as 

the sum of potential 𝑈⃗⃗ 𝑝 = 𝑔𝑟𝑎𝑑𝜙 and solenoid 𝑈⃗⃗ 𝑠 =

𝑟𝑜𝑡𝜓⃗  parts :𝑈⃗⃗ = 𝑈⃗⃗ 𝑝 + 𝑈⃗⃗ 𝑠, which satisfy the following 

equations 

(𝛥 + 𝑘𝑝
2)𝑈⃗⃗ 𝑝 = 0; (𝛥 + 𝑘𝑠

2)𝑈⃗⃗ 𝑠 = 0, 

𝑑𝑖𝑣𝑈⃗⃗ 𝑝 = 0; 𝑑𝑖𝑣𝑈⃗⃗ 𝑠 = 0                                (4) 

Where  

 𝑘𝑝
2 = 𝜔2/Грк𝑐𝑝

2; 𝑘𝑠
2 = 𝜔2/Г𝑠к𝑐𝑠

2, 

Грк = 1 − 𝛤рк
С(𝜔𝑅) − 𝑖𝛤рк

𝑆(𝜔𝑅); 

      Г𝑠к = 1 − 𝛤𝑠к
С(𝜔𝑅) − 𝑖𝛤𝑠к

𝑆(𝜔𝑅),𝒄𝒑
𝟐 =

𝝀+𝟐𝝁

𝝆
; 

        𝒄𝒔
𝟐 = 𝝁/𝝆 

- the propagation velocity of longitudinal and 

transverse waves in an elastic body. 

On specified two bodies, the conditions of 

continuity (hard contact) of displacements and stresses 

are set at 𝑟 = 𝑅:  

𝜎𝑟𝑟1 = 𝜎𝑟𝑟2;  𝜎𝑟𝜃1 = 𝜎𝑟𝜃2;  𝜎𝑟𝜑1 = 𝜎𝑟𝜑2; 

𝑢𝑟1 = 𝑢𝑟2;  𝑢𝜃1 = 𝑢𝜃2; 𝑢𝜑1 = 𝑢𝜑2,               (5) 

where index 1 refers to a decision within the inside 

sphere and 2-кinterfering medium. It is known [17] that 

a vector displacement field can be decomposed into 

three vector fields in spherical coordinates, each of 

which is determined by only one scalar function 𝑈⃗⃗ =

𝑈⃗⃗ 𝑝 + 𝑈⃗⃗ 𝑠
′ + 𝑈⃗⃗ 𝑠

″. In this view 𝑈⃗⃗ 𝑝-longitudinal, 𝑈⃗⃗ 𝑠
′  and 𝑈⃗⃗ 𝑠

″-

transverse parts of the solution. Their expressions 

through scalar functions have the form 

𝑈⃗⃗ 𝑝 =
1

𝑘𝑝

𝑔𝑟𝑎𝑑𝜓0; 𝑈⃗⃗ 𝑠
′ = 𝑟𝑜𝑡(𝑟 𝜓1); 

𝑈⃗⃗ 𝑠
″ =

1

𝑘𝑠

𝑟𝑜𝑡𝑟𝑜𝑡(𝑟 𝜓2), 

So each of the scalar functions 𝜓𝑖  (i=0,1,2) 

satisfies the equation 

(𝛥 + 𝑘𝑖
2)𝜓𝑖 = 0; 𝑘𝑖 = {𝑘𝑝, 𝑖 = 0; 𝑘𝑠, 𝑖 = 1,2}.          (6) 

Where 𝛥 - second order operator in spherical 

coordinates. The solution of the scalar Helmholtz 

equation (6) for each of the functions 𝜓𝑖(𝑟, 𝜃, 𝜑) has 

the form 

𝜓0𝑙 = ∑ ∑ 𝐴𝑚𝑛𝑙ℎ𝑛(𝑘𝑝𝑙𝑟)𝑃𝑛
𝑚(𝑐𝑜𝑠 𝜃) 𝑒𝑥𝑝(𝑖𝑚𝜑) ;

𝑛

𝑚=𝑛

∞

𝑛=0

 

𝜓1𝑙 = ∑ ∑ 𝐵𝑚𝑛𝑙ℎ𝑛(𝑘𝑠𝑙𝑟)𝑃𝑛
𝑚(𝑐𝑜𝑠 𝜃) 𝑒𝑥𝑝(𝑖𝑚𝜑) ;

𝑛

𝑚=𝑛

∞

𝑛=0

 

𝜓2𝑙 = ∑ ∑ 𝐶𝑚𝑛𝑙ℎ𝑛(𝑘𝑠𝑙𝑟)𝑃𝑛
𝑚(𝑐𝑜𝑠 𝜃) 𝑒𝑥𝑝(𝑖𝑚𝜑) ,

𝑛

𝑚=𝑛

∞

𝑛=0

 

where ℎ𝑛(𝑧) - Bessel spherical function; l=1,2; l=1- 

refers to the medium, amd l=2 to the spherical body; 

𝑃𝑛
𝑚(𝑐𝑜𝑠 𝜃) – the adjoint Legendre function of the first 

kind of the n-th degree and m-th order. In calculating 

the Legendre function n >> 1, we used the asymptotic 

formulas from [18] 

𝑃
𝑛−

1

2

(𝑐𝑜𝑠 𝜃) = (
2

𝜋𝑛 𝑠𝑖𝑛 𝜃)
1

2 [𝑐𝑜𝑠( 𝑛𝛥 −
𝜋

4
)

+
𝑐𝑡𝑔𝜃

8𝑛
𝑠𝑖𝑛( 𝑛𝜃 −

𝜋

4
) + 𝜃(1/𝑛2)]. 

For an external problem (fluctuations in the 

medium, l=1) we will take as ℎ𝑛(𝑧) Hankel function of 

the second kind 

ℎ𝑛(𝑧) = √
𝜋

2𝑧
𝐻𝑛+1/2

(2)
(𝑧), 

Which sets off at infinity (𝑟 → ∞) diverging 

waves. For an internal problem (switching oscillations, 

l=2) we will take as ℎ𝑛(𝑧) Bessel function of the first 

kind 

ℎ𝑛(𝑧) = √
𝜋

2𝑧
𝐽𝑛+1/2(𝑧) = 𝑗𝑛(𝑧), 

which satisfies the condition of roundedness at zero. As 

a result, we obtain the following expression for the bias 
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𝑢⃗ , describing the oscillatory process in the enclosing 

medium and spherical heterogeneity: 

( ) ( )1

0

( 1)
n

mmnl mnl
rl pl n sl n

n m n pl sl

A B
u D k r n n h k r

k r k r



= =−

 
= + +  

  


𝑢𝜃𝑙
= ∑ ∑ {[

𝐴𝑚𝑛𝑙

𝑘𝑝𝑙𝑟
ℎ𝑛(𝑘𝑝𝑙𝑟) +𝑛

𝑚=−𝑛
∞
𝑛=0

𝐵𝑚𝑛𝑙

𝑘𝑠𝑙𝑟
𝐷2(𝑘𝑠𝑙𝑟)]

𝜕𝛷𝑛
𝑚

𝜕𝜃
+ 𝐶𝑚𝑛𝑙ℎ𝑛(𝑘𝑠𝑙𝑟)

𝜕𝛷𝑛
𝑚

𝜕𝜑
/ 𝑠𝑖𝑛 𝜃} (7) 

𝑢𝜑𝑙
= ∑ ∑ {[

𝐴𝑚𝑛𝑙

𝑘𝑝𝑙𝑟
ℎ𝑛(𝑘𝑝𝑙𝑟)

𝑛

𝑚=−𝑛

∞

𝑛=0

+
𝐵𝑚𝑛𝑙

𝑘𝑠𝑙𝑟
𝐷2(𝑘𝑠𝑙𝑟)]

𝜕𝛷𝑛
𝑚

𝜕𝜑

1

𝑠𝑖𝑛 𝜃

− 𝐶𝑚𝑛𝑙ℎ𝑛(𝑘𝑠𝑙𝑟)
𝜕𝛷𝑛

𝑚

𝜕𝜃
} 

Where 

𝛷𝑛
𝑚 = 𝑃𝑛

𝑚(𝑐𝑜𝑠 𝜃) 𝑒𝑥𝑝( 𝑖𝑚𝜑), 
𝐷1(𝑧) = 𝑛ℎ𝑛(𝑧) − 𝑧ℎ𝑛+1(𝑧), 
𝐷2(𝑧) = (𝑛 + 1)ℎ𝑛(𝑧) − 𝑧ℎ𝑛+1(𝑧). 

Stresses 𝜎𝑟𝑟 , 𝜎𝑟𝜃 , 𝜎𝜃𝜃 are written out through 

displacements in spherical coordinates according to the 

following formulas: 

𝜎𝑟𝑟 = 𝜆𝑑𝑖𝑣𝑢⃗ + 2𝜇
𝜕𝑢𝑟

𝜕𝑟
, 𝜎𝑟𝜃 = 𝜇(

1

𝑟

𝜕𝑢𝑟

𝜕𝜃
+

𝜕𝑢𝜃

𝜕𝑟
−

𝑢𝜃

𝑟
), 

𝜎𝑟𝜙 = 𝜇(
1

𝑟 𝑠𝑖𝑛 𝜃

𝜕𝑢𝑟

𝜕𝜙
+

𝜕𝑢𝜙

𝜕𝑟
−

𝑢𝜙

𝑟
).                       (8) 

Substituting (7) in (8), we obtain for stresses 

inside and outside the heterogeneity 

,)()1()(
~2

0

43

m

n

n

n

nm

sl

sl

mnl
pl

pl

mnl
rrl rkDnn

rk

B
rkD

rk

A

r












++=  



= −=




𝜎𝑟𝜃𝑙 =
2𝜇̃

𝑟
∑ ∑ {[

𝐴𝑚𝑛𝑙

𝑘𝑝𝑙𝑟
𝐷4(𝑘𝑝𝑙𝑟) +𝑛

𝑚=−𝑛
∞
𝑛=0

𝐵𝑚𝑛𝑙

𝑘𝑠𝑙𝑟
𝐷5(𝑘𝑠𝑙𝑟)]

𝜕𝛷𝑛
𝑚

𝜕𝜃
+ 0.5С𝑚𝑛𝑙

𝐷4(𝑘𝑠𝑙𝑟)

𝑠𝑖𝑛 𝜃

𝜕𝛷𝑛
𝑚

𝜕𝜙
},        (9) 

𝜎𝑟𝜃𝑙 =
2𝜇̃

𝑟
∑ ∑ {[

𝐴𝑚𝑛𝑙

𝑘𝑝𝑙𝑟
𝐷4(𝑘𝑝𝑙𝑟) +𝑛

𝑚=−𝑛
∞
𝑛=0

𝐵𝑚𝑛𝑙

𝑘𝑠𝑙𝑟
𝐷5(𝑘𝑠𝑙𝑟)]

𝜕𝛷𝑛
𝑚

𝜕𝜙

1

𝑠𝑖𝑛 𝜃
− 0.5С𝑚𝑛𝑙𝐷4(𝑘𝑠𝑙𝑟)

𝜕𝛷𝑛
𝑚

𝜕𝜃
}, 

where 

𝐷3(𝑧) = (𝑛2 − 𝑛 −
1

2
𝑧2). ℎ𝑛(𝑧) + 2𝑧ℎ𝑛+1(𝑧), 𝐷4(𝑧)

= (𝑛 − 1). ℎ𝑛(𝑧) − 𝑧ℎ𝑛+1(𝑧), 

𝐷5(𝑧) = (𝑛2 − 𝑛 −
1

2
𝑧2). ℎ𝑛(𝑧) + 𝑧ℎ𝑛+1(𝑧), 

Coefficients Аnm1, Bnm1, Cnm1, Аnm2, Bnm2, Cnm2 must be 

determined from the boundary conditions (6) on the 

surface of the sphere. This system leads to two 

important classes of natural oscillations: torsional and 

spheroidal. 

 

Radial oscillations. 

Determine the complex frequency of radial 

oscillations of a spherical cavity in an unbounded 

viscoelastic medium for which ср⟩⟩с𝑠, 𝑢𝑟 = 𝑢 =

𝜕𝜙/𝜕𝑟.The oscillation equation (1) in the potentials 

(longitudinal waves) of displacements, taking into 

account the periodicity of the oscillations, reduces to 

the Helmholtz equation 

𝛥𝜙 =
1

𝑟2

𝜕

𝜕𝑟
(𝑟2 𝜕𝜙

𝜕𝑟
) = −𝑘𝑝

2𝛤𝑝𝑘  .                     (10) 

We are looking for a solution to equation (10) in 

the form of a diverging spherical wave  

𝜙 = 𝐴𝑒𝑖𝑘𝑝𝑟/𝑟. 

Radial stresses 

𝜎𝑟𝑟 = 𝜌[(𝑐𝑝
2 − 2𝑐𝑠

2)𝛥𝜙 + 2𝑐𝑠
2𝜙𝑟𝑟

″ ] 

or using the equation (10) : 
1

𝜌
𝜎𝑟𝑟 = −𝜔2𝜙 − 4𝑐𝑠

2𝜙 ′/𝑟. 

Boundary condition 𝜎𝑟𝑟(𝑅) = 0 leads to the 

equation 

(𝑘𝑝𝑅
𝑐𝑝

𝑐𝑠√𝛤𝑠
)
2

= 4(1 − 𝑖𝑘𝑝𝑅/√𝛤𝑝).              (11) 

Hence, for 

𝑅𝜆 = 𝑅𝜇 = 0, с𝑝⟩⟩𝑐𝑠:𝜔 =
2𝑐𝑠

𝑅
(1 − 𝑖

𝑐𝑠

𝑐𝑝
). 

For Poisson’s medium 

 𝑐𝑝/𝑐𝑠 = √3 then 𝜔 =
2𝑐𝑠

𝑅
(1 − 𝑖√3). 

It can be seen that for the Poisson medium, the 

wave is attenuated intensely. Real part 𝜔 gives its own 

oscillation frequency, and the imaginary part is the 

attenuation coefficient. In an incompressible medium 

(с𝑝 → ∞) attenuation would naturally be absent. As the 

radius of the hole increases, the corresponding 

frequencies and attenuation coefficients decrease with 

a hyperbolic law. In the study of the radial oscillations 

of a spherical inclusion in a viscoelastic medium, is 

necessary 𝑛 = 0, then 

𝑢𝑟 = 𝐴00ℎ1(𝑘𝑝𝑟), 

𝜎𝑟𝑟 =
𝜇

𝑟
𝐴00 [4ℎ1(𝑘𝑝𝑟) −

𝑘𝑠

𝑘
(𝑘𝑠𝑟)ℎ0(𝑘𝑝𝑟)] 

Using the boundary conditions 𝜎𝑟𝑟1 = 𝜎𝑟𝑟2,
𝑢𝑟1 = 𝑢𝑟2 for 𝑟 = 𝑅, we arrive at the frequency 

equations of radial oscillations of a spherical inclusion 

𝑧𝑝𝑧𝑠𝑝𝑧𝜔𝑐𝑡𝑔(𝑧𝑝𝑧𝑠𝑝𝑧𝜔) = 1 −
𝑧𝜔

𝑧𝜌

1+𝑖𝑧𝑠𝑝𝑧𝜔

𝑧𝜔
2 +4(

1

𝑧𝜇
−1)(1+𝑖𝑧𝑠𝑝𝑧𝜔)

         (12) 

Here, similarly, there are two limiting cases: the 

radial oscillations of the full sphere (𝑧𝜇 → 0) and 

cavities  (𝑧𝜇 → ∞) .  

Accordingly, we obtain 

𝑧𝜔𝑐𝑡𝑔(𝑧𝜔) = 1 −
𝑧𝜔
2

4𝑧𝑠𝑝
2 ,𝑧𝜔

2 − 4𝑖𝑧𝜔 − 4 = 0. 

 

Torsional oscillations. 

They are characterized by the vanishing of the 

radial component (𝑢𝑟 = 0) displacement vectors as 

well as dilatations 𝑑𝑖𝑣𝑢⃗ . It is easy to see that in the 

general solution (7) they correspond to the part 

including the Сmn coefficients. Substitution of this part 

in the boundary conditions (5) leads to the following 

system of equations for determining the Сmn1, Сmn2 

coefficients: 

𝐶𝑚𝑛1ℎ𝑛(𝑘𝑠1𝑅) = 𝐶𝑚𝑛2𝑗𝑛(𝑘𝑠2𝑅) 
𝜇1𝐶𝑚𝑛1[(𝑛 − 1)ℎ𝑛(𝑘𝑠1𝑅) − (𝑘𝑠1𝑅)ℎ𝑛+1(𝑘𝑠1𝑅)] = 
= 𝜇2𝐶𝑚𝑛2[(𝑛 − 1)𝑗(𝑘𝑠2𝑅) − (𝑘𝑠2𝑅)𝑗𝑛+1(𝑘𝑠2𝑅)] 
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From equating the determinant of the system to 

zero, we obtain the transcendental equation for the 

natural frequencies of torsional oscillations of a 

spherical inclusion: 

[𝑛 − 1 − 𝐺𝑖(𝑧𝑠)] − 𝑧𝜇[𝑛 − 1 − 𝐺ℎ(𝑧𝜔)] = 0,         (13) 

Where  

𝐺𝑖(𝑡) = 𝑡𝑗𝑛+1(𝑡)/𝑗𝑛(𝑡),𝐺ℎ(𝑡) = 𝑡ℎ𝑛+1(𝑡)/ℎ𝑛(𝑡), 

𝑧𝜔 = 𝜔𝑅/𝑐𝑠2 - dimensionless frequency reduced 

to transverse velocity in a medium, 

2 2 1 1(( ) / ( ))s s sk sk sz c c=   𝑧𝜇 = 𝜇̄2/𝜇̄1 = 𝜌𝑧𝑠 - the 

ratio of the shear moduli of the enclosing medium and 

the inclusion, 𝜌 = 𝜌2/𝜌1-density ratio. It is easy to see 

that equation (13) has a solution of a set of complex 

frequencies 𝑧𝜔 = 𝑧𝜔𝑅 + 𝑖𝑧𝜔𝐼 . The real part 𝑧𝜔𝑅 

determines the natural frequency and the imaginary 

part 𝑧𝜔𝐼  corresponding attenuation coefficient. If 𝑧𝜇 →

0, then we naturally come to the real frequency 

equation of torsional oscillations of the full sphere 

𝑛 − 1 − 𝐺𝑖(𝑧𝑠) =0. 

Since there is no radiation, this equation defines 

the real discrete spectrum 𝑧𝜔
(к)

. For 𝑧𝜇 → ∞ we obtain a 

complex equation for determining the natural 

frequencies of the damping coefficient of torsional 

oscillations of a spherical cavity.  

 

Spheroidal oscillations. 

This class of oscillations is characterized by the 

vanishing of the radial components  𝑟𝑜𝑡𝑢⃗ . In the 

general solution (7), a part corresponds to this class, 

includes Аmn,, Bmn coefficients. Substitution of this part 

in the boundary conditions (5) gives a homogeneous 

algebraic equation for determining the Аmn1, Bmn1, Аmn2, 

and Bmn2 coefficients.The fact that the determinant of 

the system is equal to zero leads to a transcendental 

equation for the self-frequencies of spheroidal 

oscillations 

|

𝑐11 𝑐12 𝑐13 𝑐14

𝑐21 𝑐22 𝑐23 𝑐24

𝑐31 𝑐32 𝑐33 𝑐34

𝑐41 𝑐42 𝑐43 𝑐44

| = 0,                  (14) 

Where elements сij (i=1,2,3,4; j=1,2,3,4): 

𝑐11 = 𝑛 − 𝐺𝑖(𝑧𝑝𝑧𝑠𝑝𝑧𝜔), 𝑐12 = 𝑛(𝑛 + 1), 

𝑐13 = 𝑛 − 𝐺ℎ(𝑧𝑠𝑝𝑧𝜔), 𝑐14 = 𝑛(𝑛 + 1), 

𝑐21 = 1, 𝑐22 = 𝑛 + 1 − 𝐺𝑖(𝑧𝑠𝑧𝜔), 
𝑐23 = 1, 𝑐24 = 𝑛 + 1 − 𝐺ℎ(𝑧𝜔), 

𝑐31 = 𝑛2 − 𝑛 −
1

2
(𝑧𝑠𝑧𝜔)2 + 2𝐺𝑖(𝑧𝑝𝑧𝑠𝑝𝑧𝜔), 𝑐32

= 𝑛(𝑛 + 1)[𝑛 − 1 − 𝐺𝑖(𝑧𝑠𝑧𝜔)], 

𝑐33 = 𝑛2 − 𝑛 −
1

2
𝑧𝜔

2 + 2𝐺ℎ(𝑧𝑠𝑝𝑧𝜔), 𝑐34

= 𝑛(𝑛 + 1)[𝑛 − 1 − 𝐺ℎ(𝑧𝜔)], 
𝑐41 = 𝑛 − 1 − 𝐺𝑖(𝑧𝑝𝑧𝑠𝑝𝑧𝜔)𝑐42

= 𝑛2 − 1 −
1

2
(𝑧𝑠𝑧𝜔)2 + 𝐺𝑖(𝑧𝑠𝑧𝜔), 

𝑐43 = 𝑛 − 1 − 𝐺ℎ(𝑧𝑠𝑝𝑧𝜔)𝑐44 = 𝑛2 − 1 −
1

2
𝑧𝜔

2 +

𝐺ℎ(𝑧𝜔) Here, 𝑧𝑝 = ((𝑐𝑝2√𝛤𝑝𝑘2)/(√𝛤𝑝𝑘1𝑐𝑝1)) - ratio 

of longitudinal velocities outside and inside the sphere, 

𝑧𝑠𝑝 = ((𝑐𝑠2√𝛤𝑠𝑘2)/(√𝛤𝑝𝑘2𝑐𝑝2)) -the ratio of 

transverse and longitudinal speeds for the enclosing 

medium, and the remaining notation has the same 

meaning as when considering torsional oscillations. 

Transcendental equations (13) for 𝑧𝜇 → 0, goes over 

into the real equation of the spheroidal oscillations of 

the full sphere 

 

|
𝑛2 − 𝑛 −

1

2
(𝑧𝜔)2 + 2𝐺𝑖(𝑧𝑠𝑝𝑖𝑧𝜔) 𝑛(𝑛 + 1)[𝑛 − 1 − 𝐺𝑖(𝑧𝜔)]

𝑛 − 1 − 𝐺𝑖(𝑧𝑠𝑝𝑖𝑧𝜔) 𝑛2 − 𝑛 −
1

2
(𝑧𝜔)2 + 2𝐺𝑖(𝑧𝜔)

| = 0  

 

where 

𝑧𝑠𝑝𝑖 = ((𝑐𝑠2𝑖√𝛤𝑠𝑘2𝑖)/(√𝛤𝑝𝑘2𝑖𝑐𝑝2𝑖)). 

For 𝑧𝜇 → ∞ we arrive at the complex 

transcendental equation for the complex self-

frequencies of the spheroidal oscillations of the cavity: 

 

|
𝑛2 − 𝑛 −

1

2
(𝑧𝜔)2 + 2𝐺ℎ(𝑧𝑠𝑝ℎ𝑧𝜔) 𝑛(𝑛 + 1)[𝑛 − 1 − 𝐺ℎ(𝑧𝜔)]

𝑛 − 1 − 𝐺ℎ(𝑧𝑠𝑝ℎ𝑧𝜔) 𝑛2 − 𝑛 −
1

2
(𝑧𝜔)2 + 2𝐺ℎ(𝑧𝜔)

| = 0. 

 

Summation of series. 

When calculating the scattering coefficient by the 

formula (14), the summation is carried out until the 

ratio of the current term to the current particular sum 

becomes less 10-10, convergence of series (14) shows 

numerical experiments. For complex roots, the Müller 

method of I. Burstow simplifies calculations and 

provides faster convergence than the Newton method 

and Burstow simplifies calculations and provides more 

if the roots are close to each other. Table 1 shows 

examples of errors determined by the formula and the 

required number of members of the series. It is seen 

that to calculate the attenuation coefficient and natural 

frequencies, it is necessary to take 11-16 members of 

the series. In this case, the rounding error is up to 1% 

(𝜌𝑚/𝜌0 = 0,02; 𝐶̄ = 0,5; а=1; 2. 𝜌𝑚/𝜌0 = 50; 𝐶̄ =
0,5; а=1).  
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Table 1. Error in determining the frequency and damping coefficients for different numbers of rows. 

 

Inclusions in the medium   Error, 

% 

Number of member 

Germanium to Aluminum 1.0 0,46321 1 4 

5.0 2,86653 0,5 11 

10.0 3,51241 0,5 16 

Aluminum to Germany 1.0 0,21235 1,8 4 

5.0 1,24673 0,7 11 

10.0 2,323573 0,5 16 

 

Conclusion. 

1. The theory and methods for calculating the complex 

self-frequencies of oscillations of an elastic spherical 

heterogeneity in an elastic medium are constructed. 

Such oscillations are classified into radial, torsional 

and spheroidal. Problems come down to finding those 

= 𝛺𝑅 + 𝑖𝛺𝑖 (𝛺𝑅 - real and 𝛺𝑖 - imaginary parts of 

complex natural frequencies), in which the system of 

equations of motion and shortened radiation conditions 

have a nonzero solution in the class of infinitely 

differentiable functions. It is shown that the problem 

has a discrete spectrum. 

2. Detailed numerical calculations of self-frequencies 

and Q factors were performed for the radial and first 

several oscillation numbers of the torsion and 

spheroidal classes. The case was considered when the 

viscoelastic and elastic characteristics of the inclusion 

and the host medium differ (not too much and too 

much). 

3. It was found that at some values of viscoelastic 

density parameters, low-frequency self-oscillations 

arise. These oscillations are essentially some aperiodic 

motion, since the imaginary part of the natural 

frequency is large. 

4. The obtained numerical results for plane mechanical 

systems in a particular case are compared with known 

values. In short waves (ℎ/𝜆 > 0,5) results differ up to 

10-15%, and in long waves (ℎ/𝜆 > 0,5) up to 25%. 
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