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Introduction 

Let us consider an nth-order non-linear 

functional-differential equation within the finite 

interval  ,a b : 

( )( ) ( )( )( )( ) ( 1)

1( ) , ,...,n n

nu t f t u t u t −=    (1) 

With the weighted initial conditions  

( ) ( ) ( )( ) ( )1
lim 0 1,...,

i

t a
t u t i n

−

→
= =         (2), 

where the function 𝑓: ]𝑎, 𝑏[ × ℝ𝑢 → ℝ satisfies local 

Caratheodory conditions, 

    ( ): , , 1,...,i a b a b i n → =     are the measurable 

functions, but    : , 0,a b → +  is a nonincreasing 

function.  

Let us note that 

( ) ( )*

1

1

, max , ,..., :
n

n i

i

f t x f t x x x x
=

 
=  

 
 , 

when , 0a t b x     

From here on we assume that   

( )* ,
t

f s x ds  + , when  , 0a t b x      

Note that the equation (1) has singularity 

towards atemporary variable at the point t=ɑ, if  

( )* ,

b

a

f s x ds = + , when x>0  

This singularity is called strong, if  

( )* ,

b

a

s f s x ds = + , when x>0 and 0   

The positions we established on solvability of 

problem (1), (2) includes the case, when the equation 

(1) has strong singularity towards a temporary 

variable at the point t=ɑ. 

Along with the equation, we shall consider an 

auxiliary differential equation  

( ) ( )( ) ( ) ( )( )( )1( )

1( ) , ,...,
nn

nu t t f t u t u t  
−

= , (3) 

where    : , 0,1a b → , is any continuous function.  
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Theorem 1. (Principle of a priori restriction). 

Assume that there can be found such a continuous 

function    : , 0,a b → +  that ( ) 0a = , and for 

each continuous function    : , 0,1a b → , any 

solution to the problem (2), (3) satisfies the inequation  
( ) ( ) ( )1

( )
n

t u t t
−

 , when a t b   

Then the problem (1), (2) has at least one 

solution.   

This Theorem allows us for establishing 

effective and, to some extent,  unimprovable 

conditions. However, to attain this goal, we should 

need to additionally  study the differential inequation   
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(2) with initial conditions.  

The coefficients 

    ( ): , 0, 0,...,  kh a b k n→  =  of inequation (4) are 

the integratable functions for whatever small positive 

 , within the interval  ,a b+ , but at the point ɑ, they 

generally have non-integratable singularity. 

Let us introduce the operator 
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for each  1,..., 1m n − , where  a t b  .  Lemma 1. Assume that there exists 

   01,..., 1 , 0,1  m n  −   and a nonincreasing 

continuous function      : , 0,a b → + is such that  
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where 

( ) ( ) ( ) 0 1 1max ,..., nt t t t  =  

And besides, if 

( ) ( )0

b

a

s h s ds  +  

then a fair assessment for each solution to the problem 

(4),(2) is 
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Based on Theorem 1 and Lemma 1, there is 

proved   

Theorem 2. Assume that within the the area 
]𝑎, 𝑏[ × ℝ𝑛 there is ended the inequation  

( ) ( ) ( )1 1 0

1

,...,
n

n k k

k

f t x x h t x h t
=

 +   (7), 

where     ( ): , 0, 0,...,  kh a b k n→  =  are 

integratable functions for whatever small positive , 

within the interval  ,a b+ ,  but 0h  is a weighted 

integratable function.  Assume that in addition to this, 

there can be found such  0 0,1   and 

 1,..., 1m n −  that the inequations (5) and (6) are 

satisfied. Then, the problem (1), (2) has at least one 

solution.   

Note 1. In this Theorem, te condition  0,1   

is unimprovable 
0 1 = , and it cannot be replaced by 

the condition   1 = .  

Theorem 3. Assume that  ( )k t t , when 

     (k=1,..,n)a t b  (8) and within the area 

]𝑎, 𝑏[ × ℝ𝑛 the inequation (8) is satisfied, where 

   : , 0,  (u=1,..,n)kh a b → +  is within the interval 

 ,a b+  are the integratable functions for whatever 

small positive  , but 0h is a   weighted integratable 

function. Assume that in addition to this, there can be 

found such  1,..., 1m n −  that the inequation (5) is 

satisfied and   

( )1( ) ,..., ( )

b

m n

a

s q h h S ds  +
         

(9)

 
Then, the problem (1), (2) has at least one 

solution.  
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Note 2. It is obvious that because of Note 1, if 

the condition (8) is violated, the condition (6) cannot 

be replaced by the condition (9).   

The issue of the existence singularity of a 

solution to problem (1), (2), when ( ( )   (i=1,...,n)i t t    

has been studied in the works [1-5]. The weighted 

problem with strong singularity for the system of non-

linear differential equations has been studied  in the 

works [6-8]. 

For some special cases of (1), (2) of the problem 

(1), (2), there are addressed various engineering-

technological topical problems [9]. 
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