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Introduction

In [2] the foundations of a Riemannian geometry
on W(M) have been defined (cf. also [3]). This leads
to an extension of the initial notion of tangent
space.This work is an attempt to approximate
systematically the geometrical objects on the path
space by finite dimensional ones. This procedure
justifies a posteriori and in some sense the choice of
the Markovian connection. In particular, it allows to
construct a process on the frame bundle of the path
space which corresponds to the lift of the Ornstein—
Ulhenbeck-Driver—Rockner process. The lifted
process plays a crucial role in the development of the
stochastic calculus of variations on the path space [4].
For other finite dimensional approaches to analysis
and geometry on path spaces we refer to [5,6,7,8].

We give the basic definitions of differential
geometry on the path space. We construct the finite
dimensional geometrical objects based on finite

Doi: éros¥e https://dx.doi.org/10.15863/TAS.2021.08.100.20

partitions of the time interval and in particular we
construct a discretized version of Markovian
connection. We prove the finite dimensional version
of the intertwinning formula for the derivative
(Theorem (6.1.8)) and the finite dimensional
integration by parts formula (Theorem (6.1.11)). As
the mesh of the partitions goes to zero, we derive in
an independent way, correspondingly, statement 2.6
of [2] and Bismut’s formula. We devoted to finite
dimensional approximation of the Ornstein—
Uhlenbeck operator, associated process and
corresponding semigroup.

Let (M,(-,')) be a compact Riemannian
manifold of dimension d, where (.,),, is the
Riemannian metric. On this Riemannian manifold we
consider the Levi—Civita connection associated with
(-,')m. Let O(M) denote the bundle of orthogonal
frames over M, namely

0(M) := {(m,r):r is a Euclidean isometry from R® into T,,(M), m € M}.

Then O(M) is a parallelized manifold.

Definition (1.1): (Tangent Space): Let o€
HM™(M),b = I;'(0),r the horizontal lift of . For
z € H, then Z(s) :=tZ_o(2(s)) € T,H™ (M) if and

only if
#(s) = Qu) (b(s),z(s)) b(s) on I\P.
This tangent space is inherited from the tangent
space of the Gaussian vector space H™ through the
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1t6 mapping I, (cf. [6, Proposition 4.4]). previous one on H®™(M). We shall establish a
Let M®™:=M" and ¥ :W(M)— relation between these two tangent spaces.

M® (resp. m¥ : X — H™) denote the projection
Y (p) := (p(s1), .., p(sp));
(resp. nX(b) := (b(sy), ...,b(sn))).
On this space there is a natural tangent space
T(M™) = T(M)" which is different from the

M :={v € M® : d(v;, v;s1) < s, for i=

We can endow H® (M), with a Gaussian
measure v, such that v, oI, = u,, where u,, = o
()~ is the finite dimensional Gaussian measure on
H™,

For £ € [0,1], let

0,1, ..

1},

n—

Sit+1
H™ (M) := {0 € HM(M) : f l6(s)|ds < e, for i=01,..,n— 1},
Si

H :={z e H™ : ||Az|| < g, for i=0,1,..

where
{e:=e(p N4/Kq)
and p is the injectivity
supreoon 12 Il < oo.
M™ is an open subset of M™ and therefore is
a differentiable manifold. We associate to v € Ms(")
the piecewise geodesic curve g, defined by linking
the points v;, v;,, by the minimizing geodesic. For
v € M™, we consider the map
[®1(]n)]—1 CH™ s Tv(Mén))
given by Z(s;): = t:i‘f_o(z(si)) € T,, (M),
i=1,..,n where z€ H™. Then ™ defines a
parallelism on M{™.
Definition (1.2): For any smooth vector fields
Y,Z e T(M{™), put

d
e (V)(,n)Z)a(v, §7) = Dg,n)z'“(s_)

+f0 Q%15 (0,(@)yY @dlI; (0,14 (T) - 2P (7).
Here for f € c*(M{™)

(1.1)
radius of M, K, =

We make Hp(M) into a Riemannian manifold

1},

n—

n
(Dggf)(v) = Z 1S<sk(tg}isk6kf' s(x>m0
k=1
and

1
Dfi= [ D2r 94 ds =
0
n

D @f Y (5, = YF.
k=1

Heuristic path integrals such as those in Eq.
(6.48)[12] have proven themselves useful and arise
often in physics literature. Particularly, one can
interpret this path integral as the path integral
guantization of the Hamiltonian on M. Much of the
current interest concerning path integrals in physics
began with Feynman in [13] and has since grown
deeply. The role of path integrals in quantum
mechanics is surveyed by Gross in [14] and detailed
more by Feynman and Hibbs in [15] as well as Glimm
and Jaffe in [16].

For the partition P={0=5<5; <+ <
s, = 1}, define the finite-dimensional subspace
Hp(M) of W (M) by

Hp (M) = {0 € W(M) : o is piecewise geodesic with respect to P}. (1.2)
n

Z, = Jdet L; n(ZnAis)d/z. (1.5)
i=1

by endowing it with the L? metric G, defined by
1

G = [ gY@ ds, @)
0
where we are making the natural identification of the
tangent space T,Hp(M) with the piecewise Jacobi
fields along ¢ in M. From here we define the
approximate Wiener measure v, on Hp (M) by
7 2
dvg, = ;e 201" eayor,,  (1.4)
P
where Volg, is the Riemannian volume form given
by Gy and Zg, is a normalization constant which
forces v, to be a probability measure in the case that
M = R4, With the matrix L introduced below in Eq.
(6.97)[12],

It is well known that the Wiener measure on
W (R%) is the law of an R%-valued Brownian motion,
and conversely, the evaluation maps by(w) = w(s)
on W(R%) are an R%-valued Brownian motion under
the Wiener measure.

In what follows we use the symbols u and v to
denote the Wiener measures on W (R%) and W (M)
respectively. Although we will consider several
probability spaces, the symbol E will be used solely
for expectation on the probability space (W (R%), w).

The piecewise approximation of Brownian
motion with respect to the partition P are the maps
by : W(RY) - Hp(R%) with s € [0, 1] given by
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important to note that b, (gay = b3 |, (ra)-
T _ _ ) . ] P _.'P
bs Zlh(s) (s = si-1) + bs,_ 1]' (1.6) This is a convenient place to introduce the
_ Cameron—Martin subspace H(M) of the Wiener
Here and foreve'rmore dib = bs, = bs;_y, an_d space, which is the collection of absolutely
Ji = (si-1,s:] when i>1 and J; = [0,s,). It is continuous paths with finite energy,
1
HM) = {0 € W(M): o is absolutely continuous,f [la’(s)||?ds < oo}. (1.7)
0
The Cameron—Martin space is a Hilbert space AO(M(n))(f o) = (L(") f) o TT.
&

and (i, H(R%),W(R%)) is the prototype for an
abstract Wiener space, where i : H(R%) - W(R%) is
the canonical injection.

Here m is the bundle projection.
Proof. It is a direct consequence of the identity

The tangent space T,H»(M) is identified with Bia(f om) = (Hyaf) o .
the continuous piecewise Jacobi fields along o. For any vector field Z on Mg(”), we use Fy to

We introduce the measure vg,, in Eq. (6.60) and denote its scalarization, i.e. F,(r) = r~1(Z) € H™.
Us, » Where u is simply realization of vg, inthe flat Theorem (2.2): The following commutation
case M = R® . relation holds:

AO(M@)FZ = Fyo0z
Il. Preliminaries where
AMZ = Z VY 7 4 50 (h, )V 7.

We consider the orthogonal basis of H®™ e e v
defined in  Theorem (6.1.24)[1], and the Proof. It is deduced from B oF; = F v -
corresponding parallelized vector fields H; ,(v,s) = hy,

t% g Now we define a Dirichlet form as follows:
S )

We denote by. B;, the hf)rlzontal lift of H;, glgn)(zl' 7,) = Evne Z (vgr-l) 7z, vgl) ) o),
through the Markovian connection V™ (cf. [10, 11]). e ba “Mg
Let '

Zy,Z, € T(M™).
o(m™) Z BiaBiqo + z 8™ (Hyq) - Bia- As a consequence of the relation
Dg:l(ZpZz)Mgn) = (Vﬁlzpzz)Mgn)

Then 4_, ay is the lift of L™ to the frame
O(ME ) + (Z1; VSZLZZ)ME")

bundle.
Th 21 F e c=(M™), and mtegratlc_)r? by parts.
have eorem (2.1) or any f € C2(M;"), we Proposition (2.3): For s € [0,A],
V5 .1()TVE () — (A — $)?I|| < 3(A —5)? (cosh (2 /KfA) cosh (8 /K£1A> - 1), (2.1)
IS7 (s)trs7 (s) — 521 < 352 (cosh (2 /KE’A) — 1) (2.2)
and
V% 1(s)sE,(s) — (A —s)sI|| <3s(A—5s) (cosh< fKi?A) cosh (5 ’KﬁlA) - 1). (2.3)
Proof. We apply Lemma (6.2.19)[12]. For (6.180)[12]. There is a constant C = C (d, curvature)
operators A and B and real numbers a and b, < oo such that,
trp _ — (Atr _ _ _
ATB — abl (A+b(%)r(f al;’.” +a(B —bD) |er(w) — ¢770 Jy Scall® @) gy (w) <
The asserted inequalities now follow with HE(RD)
judicious choices for 4 and B as well as Egs. (3.6) and C ( [ltp — o] + A1/4). (2.4)

(3. 7) along with the fact that s/A < 1.

Applying Proposition (2.3) to Eqgs (6.127)[12]
and (6.128)[12] gives the estimates we need on R to
continue forward.

Proposition (2.4): Let Y be as in Eq. (6.177)
[12], 7p be asin Eq. (6.178) [12], and 7 be as in Eq.

Proof. Breaking the integrand into pieces we
consider
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ey?(w) — e_TG:RfP + e_TG:RT’ — e_TGST’

I

14

|Scal| < A. Then,

le~T6R? — ¢~T6SP| < eTGAle—TG(R;D—S?) — 1|_

+e7T65P — o6 o Scal(#(@)), Now applying Lemma (6.2.48)[12] and Lemma

11 (6.2.5)[12],
Let A = A (curvature) < oo be given such that

|| < eTeh |e—r<;(72y—S;p) - 1| < C(e® - 1)1/2'
D) Ho(RY)

Similarly, with

1

exps g |Sp —fScal(d)(w)(s)) ds|p—11,
0

e~ T6SP — g~ TG fOIScal(da(a))(s)) < eTGA

another application of Lemma (6.2.48) [12] to the
right-hand side along with Lemma (6.2.6) [12] gives
[l111] < cAv*,
What remains then is to bound [|I|. To start, we
will assume that 4 is also a bound on Ric so that
[(Ricy(s;_Dib, Ab)| < AllA;b||? for each i =
1,2,...,n. From here,

TeRp +Yp = (15 — Tp)Rp + Tp0Rp
where
ORp := (Ricy(s,)A1b, Arb)
+ <RiCu(sn_2)An_1b, An—lb)
+ <Ricu(sn_1)Anb' Anb)
Using the bounds

n
|Rp| < AZ:IIAJJII2 and |0R»| < A(l1A1B]1% + 1|1A,-1b1I? + 14,5117

i=1

along with Eq. (3. 4), Eqg. (6.200) in Lemma
(6.2.46)[12], and Theorem (6.2.4)[12] we have

n
n 2112
e?ralRpldy < ZTGAZ E [lIAL-b||2e2TGAZJ'=1“AJb“ +1<C. (2.5)
H;‘;(]Rd) i=1
Along these same lines, from Eqg. (6.200)[12],
|(t5 — T?)gg?|eI(TG—T7>)R?+T?67€P|d”SP < ]E[l(TG — TP):R?|e|(TG—T:P)R:P+T7>03€7>|]
HE (R?)
LG 2
< It = 5lA ). E[Ilablze™ 1401 < ol - 2,
i=1
and arguing similarly using Eq. (6.199)[12],
|T?6:R:P|e|(TG_T.‘P):R.‘P+TSPaRP|d'uS? < [E[h-PaggP|e|(TG—T?)R?+T?67€P|] < CA.
HE (R?)
In particular,
E[|(tg — )Ry + 1p0Rp|e!(Fa-TPIRP+P0RP| < C (|75 — 75| + A). (2.6)

With Egs. (6.182)[12] and (3. 4), Lemma
(6.2.48)[12] implies [|I| < C(|tg — Tp| + A)V/2.
Combining the bounds on [|I], [|II|, and [|III]
concludes the proof.

I11. Claims

Definition (3.1): On Mé") a Riemannian metric
is defined by the condition that G),(,”) is an isometry of
T,(M&™) onto H™.
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Hereafter, we shall use (-,-)M(n) or simply (-,-) to We define the following Markovian connection
denote this metric. € which is compatible with ("')M§"> on the finite
Note that under the map =, I,,, we can identify manifold M{™
M, H™ (M) and H™. In particular, we have Theorem (3.2):  For every vector field
Sit1 N ViQ) (n) : (™
Ao = [ 16,()lds = Iasbyl, ziMe™ = H such that 2°(s) € CH(M.") for
si a=1,..,d i=1,..,n, we have
where b, (s) = to? .6,(s). It is sometimes convenient f D(n)f dv. . = f f-8Mzdy,
stinaLi D) () (O e ™ e
not to distinguish M, and H;" (M). M, M,
where
1 1 ) 2pM™ g
CRBIOESY f 22l (0)]%(0) — f DX e(e-)de — 2z P 3.1)
P 0 0 Pn
and 2 is given in (6.9)[1]. Gaussian vector space H™.
Proof. The idea of the proof is to push back all Forany f € ¢°(M™), we have

divergence computations to the flat finite dimensional

[ oo ave=[ - pPrgiav, =[ - 0P¢-gdav, - [ - fpPgkdn,
M HE (M) HE (M) = (M)

i . $2) o o (rr(n)
The function (f - $2) o I,, belongs to C*(H™). j DI(f - §2)dv,
We define 1 ()
b, € C*°(HM) satisfying f X -
= DX(F- 9D e 1y)d
{wn(b) =1, beH™, 3.2) W (50 )l
_ ) : .
(pn(b) =0, b¢ Hs" ’ = J Dgn.ﬁ((f ' (p121) ° n) d:un
where &' < e < ¢”, Hg’) cH™ c Hé?,). Then ¢, - H
2 is a vector field on H™. By the intertwinning = L[Dén (@2 o Iy)] o X du

formula (6.7)[1], we have
= [ 100 o by o 158 - 2)

Consider the following formula (cf. [9]):

1 ) 1/1 st 1/1 st
j £.(s) be(s) ds = j (— f £.00) dt) db®(s) +Z f (— f DX_£,(t) dt) ds (3.3)
0 o \As Js- o \As -7
a
where f(s) is a non-adapted R¢ valued process with integral is taken in the sense of Skorohod.
some regularity assumptions and the stochastic Applying this formula to £, (s) = ¢,2%(s7),

6(¢n-z“)(b)=za: fo n - 24t (L) dt — fo ¥ |#n2(t7)) dt ZZ fo pn - 2%t b (E) dt
—Z f - ( f t ;Q%/}(rn(s))b%(s)z_’l(s)bﬁ (s) ds) bE(t) dt
= 70 t—_ tr—t
- Z j 1 b - ( f t & 5 (1 ()L ()74 (s) ds> BE(Obe(t) dt

1 1
—j G DE 2% (t7) dt—j 29(t7)DE oy dt,
0 0

where b, = ©X(b) and 7, is the horizontal lift of d .
1. (b,) satisfying dr, (s) = Z A (r)bE(s) ds, 7,(0) = 1.
a=1
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In view of the antisymmetry of Qy,, the
second and third terms of this expression vanish. By

j . DIV @Ddv,
H™" (M)

=] . fl@:

m™

Finally, we obtain
j DVf dv, . = J f6Mzdu,,,
Mgn) Mgn)

where §z is given by (6.12)[1].
Theorem (3.3):  For any g € C,(W(M)), let
gn be the projection of g (see Definition (6.1.17)).
Then for any t > 0, we have
TMg,5Tg in 2WM),v),
where T, := e~
Proof. Following the notation of the previous

the construction of ¢,,, we know that @,, - D ¢, =
0. Hence

1 1
[IRIRORRGE lz [ 2@ ae - [ piaiee) drl dpn (D)

Jy 0 -8 [Z | el

Z fo )l @] (©) - fo DE

1
()] () - f DX, z%(t7) dtl dvy, (o)
0

A

“(t7) dtl dv, . (0).

theorem’s proof, for any f €E, , we have

Ev(Tt(n)gn f) - Ev(Ttg ' f) < Ev(Tt(n)gn ' ﬁl) -
E*(Teg - ) + B (T g - (f - 1)),

where f,, is the projection of f. The second term

clearly converges to zero. By Theorem (6.1.29) the
first is equal to

E'ne(TVg, - f2) — E°(Teg - ) = EP (9.0, 08)) — EP(9(00) - £ (o))
= EP([g.(pP) — g @M 1f (D) + EP (gD [f, (0D — fF (]
+EP(g@MIf 0P — Fpo)]) + EP([g@P) — 9] - f (o).

The convergence of the last two terms follows
from the a.s. convergence of p! to p, and the
dominated convergence theorem. As for the first,
since v, is the invariant measure of pf, it is
estimated by

CE"|gn0f) — g()| = CEre| gy, (a,) — g(oy,)]
= CE* (@Al gn o Iy oy — g o I o mx)
< CEM(@Flgel —golyomy]) - 0.

The second is similar.

Proposition (3.4): Under the assumptions of
Theorem (6.2.1), the limit in Eq. (6.56) is zero.

Proof. Combining Propositions (6.2.35),
(6.2.39), (6.2.40), and Egs. (6.179) and (6.180) shows
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