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Abstract: Usually, when determining the safety margins and reliability of structures and their elements, it is 

sufficient to solve the boundary value problem of the theory of elasticity at small deformations. With the development 

of innovative technologies and the widespread use of composite materials, the calculation of materials at large 

deformations is required. Usually, to solve boundary value problems with finite deformations, variation methods 

based on potential energy are used. The article formulates a three-dimensional boundary value problem of the theory 

of elasticity in finite deformations for a parallelepiped with different natural and kinematic boundary conditions. The 

grid equations are constructed by the finite-difference method. To solve nonlinear difference equations, the method 

of elastic solutions of Ilyushin is used, i.e. first, the elastic (linear) problem is solved, and then the same problem is 

solved with a new right-hand side, taking into account the nonlinear part of the original equations. In this case, the 

finite-difference analogue of the linear problem solved with respect to central nodal values is the basis for an iterative 

process of the Jakobi type with an approximation order of 2. Using the received numerical results, the distribution 

of displacements and stresses in a parallelepiped is investigated. 
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Introduction 

UDC 519.63+539.37 (575.1) 

 

Currently, engineers and researchers have to deal 

with the tasks of determining the stress-strain state 

(SSS) of elements of modern structures and 

mechanisms, which are under conditions of 

significantly large deformations. Usually, such 

problems do not seem to be solved analytically, and 

the use of modern computing technologies is required. 

The existing packages of applied programs, widely 

used in many fields of science and technology, 

allowing to study the SSS of technically important 

objects, have been developed mainly on the basis of 

the finite element method. The formulation of 

boundary value problems for deformable solids in 

finite deformations is based on the following 

fundamental works [2,6,7,10,13,15,17]. The 

numerical solution of problems of the theory of 

elasticity and plasticity in finite deformations is a 

problem in the mechanics of a deformable solid. In 

this area, the following works can be noted [18–20]. 

In this paper, for solving boundary value 

problems in finite deformations, a finite-difference 
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method is proposed in combination with the method 

of successive approximations. The work consists of an 

introduction, formulation of the problem of the theory 

of elasticity in finite deformations and finite-

difference equations for nonlinear problems of the 

theory of elasticity, solved by the method of elastic 

solutions in combination with the iterative method. 

In the second section, the boundary value 

problem of the theory of elasticity in finite 

deformations is formulated for a rectangular domain 

with different boundary conditions, from which the 

well-known equations of the classical theory of 

elasticity follow in the case of small deformations. In 

the third section, to compare the results, the boundary 

value problem of the theory of elasticity at small 

deformations is considered. The finite-difference 

method is used to discretized the resulting differential 

equations for a rectangular area. Problems of a 

rectangle with clamped sides and free sides are 

considered. In the fourth section, the boundary value 

problem of the theory of elasticity in finite 

deformations is numerically solved. For a two-

dimensional problem, the theory of elasticity in finite 

deformations, discrete equations are compiled by the 

finite-difference method. The non-linear finite 

difference equations are solved by the Jacobi type 

iterative method. The distribution of stresses inside 

the clamped and free rectangles is investigated. 

 

BOUNDARY VALUE PROBLEM OF 

NONLINEAR THEORY OF ELASTICITY IN 

LAGRANGIAN VARIABLES 

This section is devoted to the formulation of 

boundary value problems in the theory of elasticity for 

finite and small deformations. Statement of the 

boundary value problem of elasticity in finite 

deformations based on the Lagrange formulation [2, 

7, 9, 13]. At the same time, the Pioli-Kirchhoff stress 

tensor and the Green-Lagrange strain tensor are used, 

the Saint-Venant-Kirchhoff model is used [6, 18, 20], 

which looks similar to the linear law of the theory of 

elasticity at small deformations. 

The boundary value problem of the nonlinear 

theory of elasticity in the Lagrangian formulation is 

considered, i.e. 

( , ) ( , ),   ,i i ix X t X u X t x X I u= + =  +     (1) 

where ,i iX x −  material and spatial coordinates 

before and after deformation, respectively. From 

relation (1), one can find that 

,    ,    , 1,2,3.i i
ij X

j j

x u
F I u i j

X X


 
= + = + =

 
    (2) 

The last expression is the relationship between 

the deformation gradient F and the displacement 

gradients ,X u  where I −  unit tensor. The Green’s 

strain tensor of the first C and the second E has the 

form i.e. The first C and the second E Green's strain 

tensors has the form i.e., 

  , ,    1,2,3.Tk k
ij

i j

x x
C C F F k

X X

 
=  =  =
 

     (3) 

1 1
  ( ), ( ).

2 2
ij ij ijE C E C I= − = −         (4) 

taking into account relation (2), the Green's strain 

tensor E takes the following form 

1
( ).

2

ji k k
ij

j i i j

uu u u
E

X X X X

  
= + +

   
  (5) 

The first
ijT  and second 

ijS Pioli-Kirchhoff 

tensors are related as follows [2, 5, 16, 17] 

( ) ,    .i
ij ik kj

k

u
T S T F S

x



= + = 


 (6) 

The relationship between the Kirchhoff stress 

tensor
ijS  and Green's strain tensor 

ijE can be 

represented in the form of Saint-Venant-Kirchhoff, 

similar to the usual linear relation in small 

deformations, i.e. 

2 .ij kk ij ijS E E  = +   (7) 

Then the boundary value problem of the theory 

of elasticity in finite deformations consists of: 

equilibrium equations 
3

,

1

0 0, ,i j j i

j

T divX T X
=

= + =+        (8) 

where 
3

,

1

( ) , .ij ik i k kj

k

T u S T F S
=

= + =          (9) 

Saint-Venant-Kirchhoff law 

11 22 332 , ,ij kk ij ij kkS E E E E E E  = + = + +  (10) 

the Cauchy-Green strain tensor 
3

, , , ,

1

1
( ),

2
ij i j j i k i k j

k

E u u u u
=

= + +  (11) 

and the corresponding boundary conditions 

1 2

3
0 0

1

| ,    | .i i ij j i

j

u u S n S 

=

= =   (12) 

where 
i

u − displacements, ,  − Lame elastic 

constants, iX −  body force, 
ij −Kronecker 

symbol, 
j

n −  is the external normal to the surface 

2
 , 

1 2 3
, ,S S S − are the components of the external 

load vector. 

 

A BOUNDARY VALUE PROBLEM THE 

THEORY OF ELASTICITY AT SMALL 

DEFORMATIONS 

Our goal is to numerically solve the nonlinear 

boundary value problem (8-12) by the finite-

difference method. Why first we will consider the 

boundary value problem for small deformations, i.e. if 

,| | 1i ku  then in relations, (11) and (9) the nonlinear 

terms can be neglected and the relation between the 
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tensor of deformations and displacements becomes 

linear, and the Pioli Kirchhoff 2-stress tensor 
ijS

becomes equal to the usual stress tensor .ij  Then 

equations (8) - (12) take the following form: 

equilibrium equation 

, 0,i j j iX + =    (13) 

Hooke's law 

2 ,ij ij ij  = +   (14) 

Cauchy relation 

, ,

1
( ),

2
ij i j j iu u = +   (15) 

and, boundary conditions 

1 2

3
0 0

1

| ,    | .i i ij j i

j

u u n S 

=

= =          (16) 

where 
ij

 − tensor of stresses, 
ij
 − tensor of 

deformations,  − spherical part of tensor of 

deformations,  

iX − volume force; 

Equations (13-16) in expanded form have the 

form [1, 8, 11, 16, 19] 

 

1311 12

1

1 2 3

2321 22

2

1 2 3

31 32 33

3

1 2 3

0,

0,

0.

X
x x x

X
x x x

X
x x x

 

 

  

 
+ + + =

  

 
+ + + =

  

  
+ + + =

  

 (17) 

Hooke's law 

 

11 11 22 33 22 11 22 33

33 11 22 33 12 12 13 13 23 23

( 2 ) ,  ( 2 ) ,

( 2 ) ,  2 ,  2 ,  2 .

           

           

= + + + = + + +

= + + + = = =
       (18) 

 

Cauchy relation 

31 2

11 22 33

1 2 3

3 31 2 1 2

12 13 23

2 1 3 1 3 2

,  ,  ,

1 1 1
,  ,  .

2 2 2

uu u

x x x

u uu u u u

x x x x x x

  

  

 
= = =
  

         
= + = + = +    

          

                      (19) 

 

Substituting (19) into (18) and obtained in (17), 

and taking into account the following renaming of 

1 2 3 1 2 3
,  ,  , ,  ,  u u u v u w x x x y x z= = = = = = , 

the equilibrium equation (17) we can write with 

respect to the displacements 

 
2 2 2 2 2

2 2 2

2 2 2 2 2

2 2 2

2 2 2 2 2

2 2 2

( 2 ) ( ) 0,

( 2 ) ( ) 0,

( ) ( 2 ) 0,

u u u v w

x y z x y x z

v v v u w

x z y x y y z

w w u v w

x y x z y z z

    

    

    

        
+ + + + + + =    

         
        

+ + + + + + =   
         

        
 + + + + + + =   

          

                (20) 

 

with the following boundary conditions  

 
0 0 0

1 2 3
( , , ) | ,  ( , , ) | ,  ( , , ) | .

Г Г Г
u x y z u v x y z u w x y z u= = =    (21) 

 

To construct a finite-difference scheme for a 

two-dimensional boundary value problem of the 

theory of elasticity (20-21), dividing the lengths of the 

sides of a rectangular region 
k

l by ,
k

n we can find that 

,
k k k

h l n=  where 1,2,3k =  

 

1 1 2 2 3 3
,   0, ,    ,   0, ,   ,   0, .

i j k
x h i i n y h j j n z h k k n=  = =  = =  =  
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Replacing the derivatives in the boundary value 

problem (20-21) with difference relations, one can 

find the basic finite-difference equations [3-5] 

 

1, , , , 1, , , 1, , , , 1, , , 1 , , , , 1

2 2 2

1 2 3

1, 1, 1, 1, 1, 1, 1, 1, 1, , 1 1, , 1 1, , 1 1, , 1

1 2

2 2 2
( 2 )

( )
4 4

i j k i j k i j k i j k i j k i j k i j k i j k i j k

i j k i j k i j k i j k i j k i j k i j k i j k

u u u u u u u u u

h h h

v v v v w w w w

hh h

  

 

+ − + − + −

+ + − + + − − − + + − + + − − −

− + − + − + 
+ + + + 

 

− − + − − +
+ + +

1 3

0,
h

 
= 

 

               (22) 

 

( )

, 1, , , , 1, 1, , , , 1, , , , 1 , , , , 1

2 2 2

2 1 3

1, 1, 1, 1, 1, 1, 1, 1, , 1, 1 , 1, 1 , 1, 1 , 1, 1

1 2 2 3

2 2 2
( 2 )

4 4

i j k i j k i j k i j k i j k i j k i j k i j k i j k

i j k i j k i j k i j k i j k i j k i j k i j k

v v v v v v v v v

h h h

u u u u w w w w

hh h h

  

 

+ − + − + −

+ + − + + − − − + + − + + − − −

− + − + − + 
+ + + + 

 

− − + − − +
+ + 0,

 
= 

 

               (23) 

 

( )

, , 1 , , , , 1 1, , , , 1, , , 1, , , , 1,

2 2 2

3 1 2

1, , 1 1, , 1 1, , 1 1, , 1 , 1, 1 , 1, 1 , 1, 1 , 1, 1

1 3 1

2 2 2
( 2 )

4 4

i j k i j k i j k i j k i j k i j k i j k i j k i j k

i j k i j k i j k i j k i j k i j k i j k i j k

w w w w w w w w w

h h h

u u u u v v v v

hh hh

  

 

+ − + − + −

+ + − + + − − − + + − + + − − −

− + − + − + 
+ + + + 

 

− − + − − +
+ + +

2

0.
 

= 
 

         (24) 

 

Boundary conditions (21) with respect to the 

nodal points have the form 
0 0 0

1 2 3
, ,   .

ijk ijk ijkГ Г Г
u u v u w u= = =        (25) 

The finite difference equations for the boundary 

conditions of the remaining sides can be written in a 

similar way. Solving equations (22-25) with respect to 

, , , , , ,
, , ,

i j k i j k i j k
u v w  we can construct the following 

iterative process [8, 9, 15, 17] 

 
( ) ( ) ( ) ( ) ( ) ( )

1, , 1, , , 1, , 1, , , 1 , , 1( 1)

, , 2 2 2

1 2 3

( ) ( ) ( ) ( ) ( ) ( )

1, 1, 1, 1, 1, 1, 1, 1, 1, , 1 1, , 1

1 2

(( 2 ) ( )

( )(
4

n n n n n n

i j k i j k i j k i j k i j k i j kn

i j k

n n n n n n

i j k i j k i j k i j k i j k i j k

u u u u u u
u

h h h

v v v v w w w

hh

  

 

+ − + − + −+

+ + − + + − − − + + − +

+ + +
= + + + +

− − + − −
+ + +

( ) ( )

1, , 1 1, , 1

1 3

2 2 2

1 2 3

)) /
4

2( 2 ) 2 2
/( ),

n n

i j k i j k
w

hh

h h h

   

+ − − −
+

+
+ +

  (26) 

 
( ) ( ) ( ) ( ) ( ) ( )

, 1, , 1, 1, , 1, , , , 1 , , 1( 1)

, , 2 2 2

2 1 3

( ) ( ) ( ) ( ) ( ) ( )

1, 1, 1, 1, 1, 1, 1, 1, , 1, 1 , 1, 1

1 2

(( 2 ) ( )

( )(
4

n n n n n n

i j k i j k i j k i j k i j k i j kn

i j k

n n n n n n

i j k i j k i j k i j k i j k i j k

v v v v v v
v

h h h

u u u u w w w

hh

  

 

+ − + − + −+

+ + − + + − − − + + − +

+ + +
= + + + +

− − + − −
+ + +

( ) ( )

, 1, 1 , 1, 1

2 3

2 2 2

2 1 3

)) /
4

2( 2 ) 2 2
/( ),

n n

i j k i j k
w

h h

h h h

   

+ − − −
+

+
+ +

  (27) 
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( ) ( ) ( ) ( ) ( ) ( )

, , 1 , , 1 1, , 1, , , 1, , 1,( 1)

, , 2 2 2

3 1 2

( ) ( ) ( ) ( ) ( ) ( )

1, , 1 1, , 1 1, , 1 1, , 1 , 1, 1 , 1, 1

1 3

(( 2 ) ( )

( )(
4

n n n n n n

i j k i j k i j k i j k i j k i j kn

i j k

n n n n n n

i j k i j k i j k i j k i j k i j k

w w w w w w
w

h h h

u u u u v v v

hh

  

 

+ − + − + −+

+ + − + + − − − + + − +

+ + +
= + + + +

− − + − −
+ + +

( ) ( )

, 1, 1 , 1, 1

1 2

2 2 2

3 1 3

)) /
4

2( 2 ) 2 2
/( ).

n n

i j k i j k
v

hh

h h h

   

+ − − −
+

+
+ +

  (28) 

 

Equations (26-28) constitute an iterative process 

of Jacobi type, and its convergence is ensured by the 

general convergence theorem for iterative processes 

[10, 14, 19, 21]. Note that the conditions for diagonal 

dominance for equations (26-28) are satisfied.  

Let a parallelepiped with edges of length 

, 1, 2,3il i =  be clamped along all faces [11, 12, 14], 

i.e. 

 

10, , , ,

2 3 2 3

1 1
sin( )sin( ),  - sin( )sin( ),

10 10

j jk k
j k n j k

y yz z
u u

h h h h

  
= =  

 

2,0, , ,

1 3 1 3

1 1
sin( )sin( ),  sin( )sin( ),

10 10

i k i k
i k i n k

x z x z
v v

h h h h

   
= = −  

3, ,0 , ,

1 2 1 2

1 1
sin( )sin( ),  sin( )sin( ),

10 10

j ji i
i j i j n

y yx x
w w

h h h h

  
= = −                 (29) 

1 10, , , , 0, , , ,0,  0,  0,  0,j k n j k j k n j kv v w v= = = =  

 

2 2,0, , , ,0, , ,0,  0,  0,  0,i k i n k i k i n ku u w w= = = =  

 

3 3, ,0 , , , ,0 , ,0,  0,  0,  0.i j i j n i j i j nu u v v= = = =  

Equations (26-28) were solved with the 

following initial data 

4

1 2 3

1
, 2 10 , 1 , 1,2,3 , 10.

3
i

E l i n n n = =  = = = = =  

The iterative process continues until the 

following inequality is satisfied  
( 1) ( ) .k ku u + −  It 

took 75 iterations to solve the equations with an 

accuracy of 0.001. =  

 

 

 

TABLE 1. Displacement values u(x,y,z) for z=0.7 

 

 x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1 

y=0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

y=0.1 0.0250 0.0119 0.0046 0.0012 0.0000 0.0000 0.0000 -0.0012 -0.0046 -0.0119 -0.0250 

y=0.2 0.0476 0.0274 0.0138 0.0060 0.0020 0.0000 -0.0020 -0.0060 -0.0138 -0.0274 -0.0476 

y=0.3 0.0655 0.0406 0.0227 0.0111 0.0044 0.0000 -0.0044 -0.0111 -0.0227 -0.0406 -0.0655 

y=0.4 0.0769 0.0494 0.0287 0.0148 0.0061 0.0000 -0.0061 -0.0148 -0.0287 -0.0494 -0.0769 

y=0.5 0.0809 0.0524 0.0308 0.0161 0.0067 0.0000 -0.0067 -0.0161 -0.0308 -0.0524 -0.0809 

y=0.6 0.0769 0.0494 0.0287 0.0148 0.0061 0.0000 -0.0061 -0.0148 -0.0287 -0.0494 -0.0769 

y=0.7 0.0655 0.0406 0.0227 0.0111 0.0044 0.0000 -0.0044 -0.0111 -0.0227 -0.0406 -0.0655 

y=0.8 0.0476 0.0274 0.0138 0.0060 0.0020 0.0000 -0.0020 -0.0060 -0.0138 -0.0274 -0.0476 

y=0.9 0.0250 0.0119 0.0046 0.0012 0.0000 0.0000 0.0000 -0.0012 -0.0046 -0.0119 -0.0250 

y=1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
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TABLE 2. Displacement values v(x,y,z) for y=0.9 

 

 x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1 

y=0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

y=0.1 0.0000 -0.0024 -0.0074 -0.0119 -0.0148 -0.0159 -0.0148 -0.0019 -0.0074 -0.0024 0.0000 

y=0.2 0.0000 -0.0074 -0.0180 -0.0274 -0.0335 -0.0356 -0.0335 -0.0274 -0.0180 -0.0074 0.0000 

y=0.3 0.0000 -0.0119 -0.0274 -0.0406 -0.0494 -0.0524 -0.0494 -0.0406 -0.0274 -0.0119 0.0000 

y=0.4 0.0000 -0.0148 -0.0335 -0.0494 -0.0598 -0.0634 -0.0598 -0.0494 -0.0335 -0.0148 0.0000 

y=0.5 0.0000 -0.0159 -0.0356 -0.0524 -0.0634 -0.0672 -0.0634 -0.0524 -0.0356 -0.0159 0.0000 

y=0.6 0.0000 -0.0148 -0.0335 -0.0494 -0.0598 -0.0634 -0.0598 -0.0494 -0.0335 -0.0148 0.0000 

y=0.7 0.0000 -0.0119 -0.0274 -0.0406 -0.0494 -0.0524 -0.0494 -0.0406 -0.0274 -0.0119 0.0000 

y=0.8 0.0000 -0.0074 -0.0180 -0.0274 -0.0335 -0.0356 -0.0335 -0.0274 -0.0180 -0.0074 0.0000 

y=0.9 0.0000 -0.0024 -0.0074 -0.0119 -0.0148 -0.0159 -0.0148 -0.0019 -0.0074 -0.0024 0.0000 

y=1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

 

 

 

 
FIGURE 1. The graph of the displacement distribution      FIGURE 2. The graph of the displacement     

                    distribution u(x,y,z) for z=0.7             u(x,y,z) for y=0.9 

 

 

 

 

 

THE BOUNDARY VALUE PROBLEM OF THE 

THEORY OF ELASTICITY IN FINITE 

DEFORMATIONS 

This section is devoted to the numerical solution 

of the elasticity boundary value problem in finite 

deformations (8-12). First, we write these equations in 

expanded form.  Then the equilibrium equation has the 

following form 

1311 12
1

2321 22
2

31 32 33
3

0,

0,

0,

TT T
X

x y z

TT T
X

x y z

T T T
X

x y z

 
+ + + =

  

 
+ + + =

  

  
+ + + =

  

  (30) 

where 
ij

T  is the first Pioli Kirchhoff stress tensor and 

which related with the second  Pioli Kirchhoff stress 

tensor as 
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Hooke’s law 
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and nonlinear geometric relationship has following 

form 
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Substituting (33) into (32), and (32) into (31) 

from (30), we can find the equilibrium equations for 

the displacements 
2 2 2 2 2

( 2 ) ( ) ( ) ( ) ( ) 0,
1 1 1 1 1 12 2 2

2 2 2 2 2

( 2 ) ( ) ( ) ( ) ( ) 0,
2 2 2 2 2 22 2 2
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+ + + + + + + +

 

2 2

( ) ( ) 0.
3 3 32 2

v w w
B C N

y z x y
 

 
+ + + + + =

   

 (34) 

 

The introduced designations A1, B1, C1, D1, F1, 

N1, A2, B2, C2, D2, F2, N2, A3, B3, C3, D3, F3, N3 in 

equation (34) represent the nonlinear parts of the 

equations and due to the cumbersomeness the 

expressions of these notations are not given in the 

work. Notice, that if they are neglected, the equations 

of the elasticity theory at small deformations follow 

from them. Boundary conditions recorded relative to 

displacements has the following form 

 
0 0 0

1 2 3
( , , ) | ,  ( , , ) | ,  ( , , ) | .

Г Г Г
u x y z u v x y z u w x y z u= = =          (35) 

 

The finite difference analogue of equations (34) 

and (35) has the form 
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boundary conditions 
0 0 0

1 2 3
,  ,   .

ijk ijk ijkГ Г Г
u u v u w u= = =        (39) 

Similar to the previous section, equations (36-

39) may be resolved with respect to  
, , , , , ,

, ,
i j k i j k i j k

u v w  

for organize iterative process with boundary 

conditions (35). The initial data was taken as in the 

previous task. Tables 3 and 4 show the displacement 

values in different sections of the parallelepiped. 

Using the tables, you can make sure that the results are 

symmetrical, which corresponds to the boundary 

conditions. 

 

 

TABLE 3. Displacement values u(x,y,z) for z=0,7 

 

 x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1 

y=0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

y=0.1 0.0250 0.0106 0.0039 0.0008 -0.0002 0.0000 0.0002 -0.0008 -0.0039 -0.0106 -0.0250 

y=0.2 0.0476 0.0261 0.0131 0.0056 0.0019 0.0000 -0.0019 -0.0056 -0.0131 -0.0261 -0.0476 

y=0.3 0.0655 0.0392 0.0217 0.0107 0.0042 0.0000 -0.0042 -0.0107 -0.0217 -0.0392 -0.0655 

y=0.4 0.0769 0.0478 0.0276 0.0143 0.0059 0.0000 -0.0059 -0.0143 -0.0276 -0.0478 -0.0769 

y=0.5 0.0809 0.0508 0.0296 0.0156 0.0065 0.0000 -0.0065 -0.0156 -0.0296 -0.0508 -0.0809 

y=0.6 0.0769 0.0478 0.0276 0.0143 0.0059 0.0000 -0.0059 -0.0143 -0.0276 -0.0478 -0.0769 

y=0.7 0.0655 0.0392 0.0217 0.0107 0.0042 0.0000 -0.0042 -0.0107 -0.0217 -0.0392 -0.0655 

y=0.8 0.0476 0.0261 0.0131 0.0056 0.0019 0.0000 -0.0019 -0.0056 -0.0131 -0.0261 -0.0476 

y=0.9 0.0250 0.0106 0.0039 0.0008 -0.0002 0.0000 0.0002 -0.0008 -0.0039 -0.0106 -0.0250 

y=1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

 

 

TABLE 4. Displacement values v(x,y,z) for y=0.9 

 

 x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1 

y=0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

y=0.1 0.0000 -0.0021 -0.0067 -0.0106 -0.0132 -0.0141 -0.0132 -0.0106 -0.0067 -0.0021 0.0000 

y=0.2 0.0000 -0.0067 -0.0171 -0.0261 -0.0319 -0.0339 -0.0319 -0.0261 -0.0171 -0.0067 0.0000 

y=0.3 0.0000 -0.0106 -0.0261 -0.0392 -0.0478 -0.0508 -0.0478 -0.0392 -0.0261 -0.0106 0.0000 

y=0.4 0.0000 -0.0132 -0.0319 -0.0478 -0.0585 -0.0623 -0.0585 -0.0478 -0.0319 -0.0132 0.0000 

y=0.5 0.0000 -0.0141 -0.0339 -0.0508 -0.0623 -0.0664 -0.0623 -0.0508 -0.0339 -0.0141 0.0000 

y=0.6 0.0000 -0.0132 -0.0319 -0.0478 -0.0585 -0.0623 -0.0585 -0.0478 -0.0319 -0.0132 0.0000 

y=0.7 0.0000 -0.0106 -0.0261 -0.0392 -0.0478 -0.0508 -0.0478 -0.0392 -0.0261 -0.0106 0.0000 

y=0.8 0.0000 -0.0067 -0.0171 -0.0261 -0.0319 -0.0339 -0.0319 -0.0261 -0.0171 -0.0067 0.0000 

y=0.9 0.0000 -0.0021 -0.0067 -0.0106 -0.0132 -0.0141 -0.0132 -0.0106 -0.0067 -0.0021 0.0000 

y=1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

 

Figures 3 and 4 show and compare the changes 

in displacements u(x,y,z) and v(x,y,z) constructed at 

some points of the parallelepiped by solving boundary 

value problems of the theory of elasticity at finite and 

small deformations. Comparisons show that the 

curves are almost the same, indicating that the 

nonlinear parts are insignificant for solids. The effects 

of nonlinear terms become noticeable for rubber-like 

materials. 
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FIGURE 3. Changes in the displacement of u(x,y,z)  FIGURE 4. Changes in the displacement of v(x,y,z) 

along x at the nodal point y=0.6, z=0.7   along y at the nodal point x=0.9, z=0.2 

 

 

CONCLUSION 

In this paper the boundary value problems of the 

theory of elasticity in finite deformations for a 

parallelepiped are formulated. The parallelepiped was 

considered with natural and kinematic boundary 

conditions. For solving the three -dimensional 

boundary value problem of elasticity theory in finite 

deformations the finite-difference method is used. 

Using the received numerical results, the distribution 

of displacements and stresses in a parallelepiped is 

investigated. The results also are compared with a 

results of elasticity parallelepiped in small 

deformations. The comparison shows that for solid 

materials as steel and copper influence of the finite 

deformation is negligible.  However, composites 

widely used in practice show large deformations. The 

finite-difference method, applied in this work for 

solving boundary value problems of the elasticity 

theory under finite deformations in combination with 

the method of elastic solutions can be used to solve 

spatial elastoplastic boundary value problems in finite 

deformations. 
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