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Introduction

Denote by C,(R?) the class of all real,
measurable r.f.’s %(t,s) uniformly continuous in the
mean square (m.s.), defined on a probability space
Q% P), ME(ts)? <C, 0<C<o, (ts)€E R?

The function
1
0Py, x) = max (M3t s) — 5t sHP)
[t—t'|<xq

|s—=s’|<xy
—o0o<t,s<00
X1,%y =0,
is said to be the continuity module of the first type ([1],
[6]) of ar.f. 3(t,s) € Cq(R?).
We call the function

wéz)(x) = (t _ t/)z +n'(l;lx_ SI)Z < x2 {Mlg(t, S)

1
-3t s)HI*)z,
x=0

the continuity module of the second type of a r.f.
3(¢t,s) € Co(R?).

Doi: &os¥ef https://dx.doi.org/10.15863/TAS.2023.10.126.22

The continuity modules wg(l)(xl,xz) and
wéz)(x) of 3%(t,s) € Cq(R?) have the following
properties:

1% For any 0 < x; < x'q,
inequalities:

0< Xy < xlz, the

1 1 1
wé )( X1, Xp) < wé )(xll' X2) < wg( )(x’px’z)
hold.

29 Foranyn€ Nand 0 < x; < x,,
a)g(l)( nx;,nx;) < na)g(l)( X1, X5).

3% For any
0<x; < xy, wéz)(xl) < a)g(z)(xz).

4% Foranyn € N,

0<x; <x;, wéz) (nx) < na)g(l) ().
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L - _
50 . (1)( x) < w?EZ) (x) < a)él)(x' x) < 01 (5326{0'1 (t)}: 02 (fggc{o_z (5)}.
wéz)(x\/_), sz.

Let (X, Yy)r=1 be a sequence of independent
identically distributed real random vectors with a joint
distribution function Fis(x,y) depending on the
parameters t and s such that (Xi,Y:) has the
mathematical expectation (t,s) and covariation matrix

o1(t) 0
( 0 0,(S)
the set QcR2.

Consider the approximation of 3%(t,s) € Co(R?)
on the compact set G — Q by the 1.p.o.

), where the parameter (t,s) changes on

P(5t8)=/ . 5(x, )dF (x,¥) @)
) ey S(z)

Where  Fo"(x,y) = P{ S <X E-<y},

SV =3 X, SP =31,

the integral in (1) is understood in the m.s. sense.
Note that the asymptotically best approximations
of random processes by I.p.o. are studied in work [13].
According to [5, p. 268], r.f. Pn(%;t,s) is defined
for all
(t,;s) € Q.
The results of [1], [6] imply that

. l 1)
(max { M[3(t,s) — (% t,5)2)2 < Cro ( n)
and

max { M|3(¢,s) —

P.(%t,s)|2 < Cr 0@ (=
max. w3t < Cws ()

The smallest (“best”, “optimal”) constants that
can be put instead of the constants C1 and C, on the
right sides of these inequalities,

max { M|3(t,s)—Pp (%:t,5)|? }2

=Cy(F)= sup {&¢ 5
gecn(lz\elz wy (‘/—‘/—)
ne
and
o= o) e (MI3(69)-PaGits)[2)2
2 = L - sup @ )
ST —cs
ne

respectively.

The study of the exact values of the smallest
constants C; and C, leads to complex calculations
related to the specifics of the distribution Ft(")(x).
Instead of them, we present in the work asymptotically
optimal constants, i.e.

max { M|3(t,s)— Pn(zts)lz}z

Ci = Tmm [,_2% 7 (&€ and
17 S [ 3eCq(R?) (1)(‘/_‘/__) ]
. 1 ¢ {(tsgc{MIZ(tS) Pn(Gts)? }2
= lm
2 gec (R2 “’éz)(ﬁ)

Introduce the following notations:

DDi( 01,0,) = {(w, v); Ju| < — , |v| < <3,
01 o2

&, = &( 01,0,) =Yr0 fRZ\Dk d®(u,v), where

O(u,v) = o f fexp{—

—00 —00

}dxdy

Qc=Qx(01,02) ={(uVv): K¥< 0,2 + 0,2v2 < (k+1)7},

®,= @,(01,02) =X%-o fRz \Qk ao(u,v) ,

Ou,v) = - [* [ exp {~ 222 3dxdy

Let G < Q be any compact set, and the
following conditions are satisfied:

(A1): sup M|X; —t|° <Ly, sup M|Y; —s|® < Ly,

(t,s)eG (t,s)EG

0< Li <o0o,[ = 1,2

(B1): 01 = 04(tp) = sup o4(t) >0,
(t,s)EG

0, = 0,(Sp) = sup o,(s) >0
(t,s)eG

(Cy): the set G issuch that (¢t,, so) €G.
Theorem 1. If conditions (A1), (B1), (Ci1) are
satisfied, then
a) forany 3%(t,s) € Co(R?)
and € > 0, there exists no(€) € N such that for all
n>ny(e), the following relation holds:

1
— . 215 <
({%)aEXG{Mlg(t'S) Pn(g; t,S)l }z <

1 1
< [%1( 0'1r0'2) + E]wél)(\_m'\_m)

b) this inequality is unimprovable for the class
Co(R?) in the sense that for any £ > 0, there exist
ni(e) € N and ar.f. 3n(t,s) € Co(R*) such that for
all n > n, (g), the inequality

1
_ . 2t
(gr;?exc{ M|3(t,s) — B,(3n; t, s)|*}z >

>[a;(01,07) — €] wgn(\/%,\/% ) holds.

Theorem 2. If conditions (A1), (B1), (C1) are
satisfied, then the relation

1
— (tm)emG[Mlé(tS) Pn(3t.s)|)2
Iim  sup { ) 1=
n—»oo CA(R2
2eCo(R?) wy (J—J—)

= &1( 01, 0-2) hO|dS.
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Theorem 3. If conditions (A1), (B1), (Ci1) are
satisfied, then
a) for any 3%(t,s) € Cq(R?) and & >0,
there exists ng(g) € N such that for all n > ny (), the
following relation holds:

max{ MI3(t, ) — P £, 9) )2 <

1
< [®( 01,05) + +elwg” ()

b) this inequality is unimprovable for the class
Co(R?) in the sense that for any € > 0, there exist
ni(e) € N and ar.f. 3n(t,s) € Co(R') such that for
all n > n, (¢), the inequality

1
— . 25
max {M|3(t,s) — K, (§n; £, )"} >
> [2,(01,0,) — €] Wy ()
holds.
Theorem 4. Let conditions (A1), (B1), (C1) be
satisfied. Then the following relation holds:

max { M|5(t,s)—Pp(5:t,5)|? }2

{(t)G
@

Im sup
= 3eCa(R?)

=a&,( 04,07) .

(\/—ﬁ)

Consider the examples.

Let {(X, Yx)}x-1 be a sequence of independent
identically distributed random vectors generating a
I.p.o. B,(%t,5s) .

Example 1. Let (X;,Y;) be a vector with
independent components such that X; and Y; have a
Bernoulli distribution with parameters t and s,
respectively. Then the set or parameters Q=[0,1]% and
the operator
Pn(g, t' S) = Bn(g' t' S) =
= Nk=0, Lo ChCit*s® - (1 —

k e
55
is the Bernstein polynomial of two variables. If we
take G=Q, then the asymptotically optimal constant
in the estimate

—t)n_k(l _ S)n—e .

(fg)r‘lf[o 1]2{ [3(t,s) — B,(%3,t,9)]%)z <
<cC w(i)( 1
1 % \/_ \/_

is Ci = 2G5

{M[3(t,s) -

(¢, s)e [o, 1]2
o (),
the asymptotically optimal constantis C5 = a, (%,%).
Example 2. Let (X;,Y;) be a vector with
uncorrelated components that have a Bernoulli
distribution with parameters t and s, respectively, and
a joint distribution:
P{Xlzl,lel} =0, P{X1:1,Y1:O} =t,

—), and in the estimate

Bu(5 6 9)]%): <

P{X1:0,Y1:1} =S,

Then

Pn(3, t,kS) = Zosk+esn Crllc—ecﬁsk(l —t-

n-e-kz(X.¢€

9" 355
is a Bernstein-type polynomial introduced by Lorentz
[12].

In this case the set of parameters Q={(t,s): 0 <
t+s <1}

If we assume that G=Q, then the asymptotically
optimal constant in the estimate

, IMI5(s) — P56 9)]? }2

(¢, )e[o 1)2

P{X1=0, Y1=0} = 1-t-s.

<o (i

is C] = 381(1 l) and in the estimate

(2)
M P, <

max (ML) = G5 6 )% < oo (),
the asymptotically optimal constant is

" 11

G =27

Example 3. Let (X;,Y;) be a vector with
uncorrelated components that have a Poisson
distribution with parameters t and s, respectively.
Then

Pu(%3,t,s) =
k e
5(7)
is the Mirakyan operator [7] for random fields and the
set of parameters  Q = [0, o0)2.
If G = [0,1]2, then the asymptotically optimal
constant in the estimate

T {M[3(t,s) — P,(3, ts)] 1}2

ViV

is C] = @,(1,1), and in the estimate

1 1
o, (M3 ) — BB 6 )l < Co? ()

Vn
the asymptotically optimal constantis C; = a,(1,1).

In the deterministic case, i.e. when %(t,s) is a
non-random function, Theorems 1 — 4 imply the
following results:

Let C(R?) be the class of all uniformly
continuous functions bounded on R?. Consider the
approximation of the function f (t,5) € C(R?) on a
compact set G = Q by the l.p.o.

Pa(fits) = [ f (x,y)dE® (x, ).

(nt)k(ns)®
S0 Lo g —exp{-—n(t + )} -

< G (=

Denote by

WV (,y) = sup j—vjsx |f(65) = f(,)]
|s—s'|<y
—oo<Lt,s<0

the continuity module of the first kind, by

0P@E) = sup_ If(ts) — f(t,5)]

J(t=t)2+(s—-5)2<6
—oo<t,s<0

the continuity module of the second kind of a function

f (xy) [11].
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Theorem 5. If conditions (A1), (B1), (Ci1) are
satisfied, then

a) forany f (t,s) € C(R?) and & > 0, there
exists ng(e) € N such that for all n> ny(e), the
relation

— . <
(rtfgc)lgg;lf (t,s) = P,(f;t,8)] <
(

< [#1( 01,00 + E]wfl)(%'%)
holds;

b) this inequality is unimprovable for the class
C(R?) in the sense that for any &€ > 0, there exist
ni(e) € N and fn(t,s) € C(R?) such that forall n
> n, (¢), the inequality

(?;gleaglfn(t. s) — B (fn;t,8)| >

> [@(01,02) — elopn (G, = )
holds.

Theorem 6. If conditions (A1), (B1), (Cy1) are
satisfied, then the following relation takes place:

_ max _|f (t,5)=Pn(f;t.5)
lim  sup {(t,s)ec M, 1 1 1=
o feT(R?) “r G

Theorem 7. If conditions (A1), (B1), (Cy1) are
satisfied, then

a) for any 3%(t,s) € Co(R?) and &€ > 0, there
exists ng(e) € N such that for all n> ny(g), the
relation

®1( 01,07).

—P,(f;t,9)] <
(’ggglgglf(t's) W (f5t,9)]

< [ee,( 04,0,) + s]a);z)(\/%) holds;

b) this inequality is unimprovable for the class
Co(R?) in the sense that for any £ > 0, there exist
ni(e) € N and ar.p. 3n(t,s) € Co(R') such that for
all n > n, (¢), the inequality

1
_ . 25
(gf)lgg;{ Mfn(t,s) — B(fn;t,s)|*}z >
1
> [2,(01,0,) — gl @)y, ()
holds.

Theorem 8. Let conditions Ay), (B2), (C2) be

satisfied. Then the following relation takes place:

max |f (t,s) — P,(f; t,5)|

(t,s)eG
P

= &;( 01,0,).

Note that Theorems 5-8 are of independent
interest and are new in the classical theory of
approximation of nonrandom functions.

Let now 3%(t,s) € Co(R?) be a separable sub-
Gaussian continuous with probability one r.f.
satisfying the condition

(A2 |13t 9) = 3w 0|, <

sub T

Iim sup
n—-co fEE(Rz)

<o(JE—w + s -v)?),

(t,s), (u,v) € R?,

where w(x) isthe continuity module, for which there
is an inverse function w~1(z), and the integral

fl w(z)dz
0 z/|lnz|
[4].

< oo, the norm || * || g5 IS introduced in

With respect to the sequence of distribution
functions th?)(x,y), suppose that the following
conditions are satisfied:

(B2): partial derivatives with respect to t and s of
functions dthl)(x,y) exist and are continuous
functions of (t,s)e Q forany n€ N, (x,y) € R?

(C2): [dF (e, M]s = pit (e, y)AED (%, y),
[dED (x, )]s = pi2 (x,¥) dED (x, ),

where continuous for (t,s)eQ functions p{f'si(x,y),
(x,y) € R? are such that

sup [, lpri(y)IdFS (x,y) < oo, =12,
(ts)eQ

If conditions (B2) and (C>) are satisfied, then for
any

(t,s) € Q, the partial derivatives with respect to t
and s of the r.f. Pn(%;t,) exist with the probability one
[4, p. 268], and

Pn(%t,s) 1=/, 5(x, W) prs (6, WIS (x,y) = Pa,
1(3:t9),

[Pn(%t5) 1= f2 50, V) 1015 (6 AR (x,y) =P
n2 5;L,8).
Obviously, r.f.’s Pn;i(%;t,5) are sub-Gaussian, i.e.

M Pni(%:t,5) =0,

=1,2.

Assume that they satisfy the condition

(D2): there exists a sequence of positive numbers
(@t i) =1 Such that gns moGoro n € N,

sup ||anl (g' tr S)”sub S an,ir

(ts)eQ

It is not difficult to verify that the conditions
(B2), (C2), (D2) are satisfied for classical operators
such as Bernstein, Weierstrass, Mirakyan operators,
etc.

sup [[Pn, i(%; ¢, )| sup < 0, 1
(ts5)eQ

i=1,2.

Investigate the r.f. N (t,s) =
3E)-PRELS) o1 the set G,
cow (7R
Wherecy =0, + 0, +1, 0, = sup ay(t),
(ts)eEG
g, = sup a,(s).
(ts)eG

Denote by d the diameter of the set G.
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cow(dg)

Setc; =./2In(d; + 2),q, = ,
w(dg)+2dg\/a,21_1+a,21,2
1 1
Vo=t |In—7——=<+
o1(Zo(E))

o Qo) vz
z\[linz|”’
where w~1(z) is the inverse to w(x) function.
Theorem 9. Let conditions (Az) — (D) be
satisfied. Then for any n € N and for all z > 64, the
inequality
P{ max | Tn(t5)
(t,s)EG Yn
is valid.

1
+ [ —
no(3) i

2
| > 2z} < Zexp{—z?y,f}
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