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Abstract: The theory of integral equations acts as a mathematical tool for solving various problems of
mathematical modeling. The modern mathematical packages application, the dynamic development of which at the
present stage is carried out successfully, creates an opportunity to simplify considerably the algorithms drawing up
and to develop mathematical programs of finding the solution of integral equations at modeling of physical processes
and phenomena. The article describes the development of a code for finding an explicit solution of the Fredholm
integral equation of the 2nd form with a degenerate core. The method of reduction to a system of linear algebraic
equations using the criterion of degeneracy of the kernel is realized.
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Introduction
Many problems of mathematical physics are
reduced to linear integral equations of the form:

b

A[K(xt)p(t)dt = f(x).a<x<b (1)
b
(o(x)—/ij.K(X,t)(o(t)dt: f(x),a<x<b )
concerning the unknown function gp(x),which are Here we consider a linear Fredholm equation of

called Fredholm integral equations of the 1st and 2nd the 2nd form:

kind, respectively.[1]
b
¢(x)—ﬂIK(x,t)¢(t)dt= f(x), a<x<b, ®)
a
where K (X, 1) is degenerate kernel. One of the methods of finding the solution of
equation (3) in explicit form is the method of reducing
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the original integral equation to a system of linear
algebraic equations. According to the definition of the
degenerate kernel, K(Xx,t)can be represented as a

finite sum of the product of functions, each of which
depends on only one variable:

K(xt) = Zp )a; (1),

where each of the functlons a;(t), B, (t) are linearly
independent. [2]Substituting (4) into (3), the equation

takes the form:
b
)_[ g; (t)gp t

_/12:1 pi(X

(4)

b

J-Qk (X)(D(X

a

Using the notations for the integrals in (7):

Cy

= dxa

f(x)a, (x)

D ey T

j p

the last expression will have the form [3], [4]:

N -
C, -4 .Ciay = f,, k=LN.

Jix-23:C, () ()

Taking C, I,B )dt the equation is

written:

—~ zi Cie; (x)= f(x). )

Whence the solution of equation (3) will be
represented by this formula:

o(x)= £(0)+ 23 Coar (x).

i=1
To find the coefficients C;, multiply equation

(6)

(3) by the function qk(x)and then integrate the

obtained expression within the range from ato b . As

a result of these steps, equation (3) has the following
form:

x)dx = | f(x)g,(x) dx. @)

!
x) dx, f, i f(x)q, (x) dx, (8)

Thus, we obtain the set of equations (9), which is
defined as a system of n linear equations with respect

- ©) to nunknowns C; with matrix [5]:
1-day, —Aay — Aoy,
-Aa,, 1-Aa,, —Aay,
A =
—Aayy  — Ao,y 1-Adoyy
If Ain equation(3) is not the same as any of the
roots of the equation:
1-Aa,, —Aay —Aday,
—Aa 1-lo -l
D(1)=detA, = 12 2 N2 _ 0, (10)

- Aoy Ao,y 1- Aoy,

namely A # A,,S = l,_ N -system has a solution and

where the determinants D, (/“L) are obtained from the

: — determinant D(A ) by replacing the i - column by the
c =B iy (11) (#)by replcing i
D(4) column of free terms (f, f, o) :
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1-Aay, —Aay, W —Aday
D,(2)= -Aa, 1-da,, ..f,.. —Aday,
— Aoy, —Aa,y  fyee 1-Adagy
Substituting the values of C,by (11), the right-hand sides. Therefore, integral equation (3) is
solution of equation (3) can be written in the form: insoluble at arbitrary function f (X).[3]
( ) If D,(4,)=0, D(4,)=0, then system (9)
N D.(A AP . . .
)= f(x)+ i (x). 12 has infinitely many solutions. The integral equation
gp( ) ( ) 2'221: D(g) a,( ) (12) (3) will also have infinitely many solutions.[3]

An alternative method of finding a solution to
equation (3) is implemented in the computer
g . mathematics system Maple.[7] Let us implement the
roots of equation (12): : A = A, which means, solution algorithm and find a solution to the Fredholm

D(/I) =0 - the system (9) is insolvable at arbitrary equation of the 2nd form:

If Ain equation (3) coincides with one of the

b
o(x) - I(Bx +2t)p(t)dt =8x* —5x, 0<x <1
a
Calculations are performed in the Student
package. [8] Enter the original equation:

restart; with(Student[ Calculusl]);
eql = phi(x) = 8- 2 —5x+ int((3-x 4+ 2-¢)-phi(¢),£=0..1);
1
eql =d(x) = 8x° —5x —|—J (Bx+2¢)0(z) de
0
Let us rewrite the equation in the form:

phi(x) =8-x* — 5-x + 3-x-int(phi(¢), t=0..1) 4 2-int(¢-phi(¢),¢=0..1);

1 1
q>(x)—8x2—5x+3xU o(7) dt] +2 qu)(z) dt]
0

0

1
We insert the notationsClzj p(t)dt
0

1
C2= I to(t)dt , according to which the solution
0
of Equation go(x)will be written in the formula:
sol = subs(int(phi(z),t=0..1) =ClI, int(¢-phi(¢),t=0.1) = C2, %);

sol =0(x)=3Clx+ 83> +2C2 —5x
We integrate the last equation [7]:
el = int(lhs(sol),x=0.1) = rhs(Rule[ ’—I—'](Int(rhs(sol), x=0.1 ) ) );

1 1 1 1 1
el :=J ¢(x)dx=| 3xC1dx+[8x2dx+[ 2c2dx+[ (-5x) dx
0 "0 "0 0 "0
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We multiply the integrated expression €lby X
and integrate again in the range from to [7]:

e2 = int(x-lhs(sol),x=0..1) = rhs(Rule['+']|(Int(expand(x-rhs(sol)),x=0..1)));

1 1 1 1 1
e2 ::Jx(])(x)dx:] 3CIA dx + [ 8x3dx+J 2C2xdx+[ (-5:2) dx
0 "0 "0 0 "0

We make a system of algebraic equations to find
the constants C1, C2:

ell = subs(int(phi(x),x=0..1) =Cl, lhs(el)) = value(rhs(el));
e22 = subs(int(x-phi(x),x=0..1) = C2, lhs(e2)) = value(rhs(e2));

e]]::CIZ%C1+%+2C2

e22:=C2=C1+% + C2

Here we find the solution of the system:
res = solve({ell,e22}, {CIl, C2}); assign(res);

res = [C] = —%, C2=0
Let's write down the solution of the initial equation:

sol;

so. O(x) = 8x> — 6x

Let's check the found solution:

simplify(lhs(eql) — rhs(eql));

0
Let us consider the reduction to a system of b
linear algebraic equations the Fredholm integral go(x)—j(3x+2t)(o(t)dt:8X2 —bx.
equation of the 2nd kind , determining directly the a
coefficients ¢, and f,in formula (9) for C, by The kernel K(x,t)=3X+ 2t by definition of
formulae (8 ) on the example of Eq.: degeneracy of the kernel is represented in the form
@0
2
K(x,t) =" p,(x)a; (1) = p.(x)a, (1) + P, (X)q, (1) (13)
i=1
where  p,(x)=x, q,(t)=3, p,(x)=2, Then by formulas (8) we calculate a,;, a,,,
qz(t)zt- Ay, 8y, fi 1y
1 1 1 1
ay = [ pu(t)a,(t)dt:ay, = [ p,(t)a,(t)dt; &, = [ p,(t)a, (B)dt: &, = [ p,(t)a, ()t
0 0 0 0
1 1
f, = [ a.®f@dt: f, = [ g, (t)f )dt.
0 0
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Let us perform the calculations in Maple[8]-[9]
environment:

plx == x; qlt := 3, p2x := 2;q2t := ¢, fx := 8% — 5x;

fr = fx +lambda-(CI-(plx) + C2-(p2x));
all := int((subs(x=t,plx))-qlt,t=0.1);
=t,p2x))-qlt,t=0..1);
)
)

al2 = int( (subs(x

a2l = int((subs(x=t,plx))-q2t,t=0.1);

a22 = int((subs(x=t,p2x))-q2t,t=0.1);

f1 = int((subs(x=t, fx))-qlt,t=0.1);

f2 = int((subs(x=t, fx))-q2t,t=0.1);
plx =x
qlt:=3
p2x:=2
q2t =t

fx = 8x> — 5x

fr=8x +xCl —5x+2C2

all =
al2 =6
all =

Let us make a system to calculate the constants
C1, C2 (in the system denoted by C11,C22,
respectively ) and find its solution:

NS}

s:= ({Cl1 — (all-C11 4 al2-C22) =f1,C22 — (a21-C11 4 a22-C22) = f2});

rs = solve(s, {C11, C22}); assign(rs);

1 1
={-—Cll=—
5 { L

3

1 1
= CIl —6C22=—
2 2}

rsi={CII=-1,C22=0}

Substituting the values of Clland C22with
the subs command, the solution of the equation is
written:

req = subs(Cl1=CI11,C2=C22,fr);

req =8x> —6x .

For the complete solution of the integral
equation, both in the first and in the second case, the
analytical study of the degeneracy of the kernel

K(x,t) was not carried out: the degeneracy of the

kernel was accepted as a fact. In order that the
mathematical realization of the validity of finding the
solution of the equation is carried out, we use the

criterion of degeneracy of the kernel of the integral
equation.[10]. The wording of the criterion is as

follows "For the kernel K(x,t) to be degenerate it is
necessary and enough that det A [K](x,t)= 0,
det A, [K](x,t)=0, for Ym>n, where the
matrix A, [K](x,t) is of the form:

Philadelphia, USA

181

2 Clarivate
Ana lytiCS indexed



ISRA (Indiay  =6.317 SIS(USA)  =0912 ICV (Poland)  =6.630
. ISI (Dubai, UAE) = 1.582  PWHII (Russia) =3.939  PIF (India) = 1.940
Impact Factor: G\ (australia) =0564 ESJI(KZ)  =8771  IBI (India) = 4.260
JIF =1500  SJIF (Morocco) = 7.184  OAJI (USA) = 0.350

K K, K&

K’ K" K (n:ﬂ)1
A [KIxt)=] » ™y o] (13)
K 52‘1?3 K Syn(zu) K iﬁﬁ‘]{f&l)

Let us realize the criterion for the kernel
K(X,t):3x+2t. We construct the matrices

AQ[K](X,t)and AS[K](x,t), by computing the

coefficients, according to (13), then calculate the
values of the determinants AQ[K](X,t) u

A [K](x,t)81-[91:

k11 = Kxt; k12 = diff (Kxt,x$1); kI3 := diff (Kxt, x$2);

k21 == diff (Kxt, t$1); k22 := diff (Kxt, x$1, £$1); k23 = diff (Kxt, x$2, 1$1);
k31 = diff (Kxt, 132); k32 = diff (Kxt, x$1, 132); k33 := diff (Kxt, x$2, 1$2);
DK2 = Matrix(2,2, [k11, k12, k21, k22]); zDK2 := Determinant(DK2);
DK3 = Matrix(3, 3, [kl1,kI2,ki13,k21,k22, k23, k31, k32, k33]); zDK3

:= Determinant(DK3);

DK2 =

3x+2¢3

0

zDK2 = -6

DK3 =

3x+2¢t30

00
00

zDK3 :=0

As we see, the value of the determinant
AZ[K](X,t)is different from zero: zDK2 = -6,

the value of the determinant A,[K](x,t)is zero

zDK3=0.
Let's compose a conditional if statement:

ifzDK2 # 0 and zDK3 = 0 then print ("Yadro_uravneniya virogdenno ');

else print ('Yadro_uravneniya_NE_virogdenno');

fi;

print Yadro_uravneniya_virogdenno_

Knowing that the kernel of the equation is
degenerate, we find the solution of the integral
equation[8]-[9] in the loop:
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ifzDK2 # 0and zDK3 = 0 then

plx :=x; qlt :== 3, p2x := 2;q2t == ¢, fx = 8% — 5x;
fr = fx +lambda-(CI-(plx) + C2-(p2x));

all = int((subs(x=t,plx))-qlt,t=0..1);

al2 = int((subs(x=t,p2x))-qlt,t=0..1);
a2l = int((subs(x=t,plx))-q2t,t=0..1)
a22 = int((subs(x=t,p2x))-q2t,t=0.1)
f1 = int( (subs(x=t,fx))-qlt,t=0.1);

2 = int((subs(x=t,fx)) q2t,t=0.1);

E

b

s = ({C11 — (al1-C11 +al2-C22) = f1, C22 — (a21-C11 + a22-C22) = 2});

rs = solve(s, {C11, C22}); assign(rs);
req = subs(C1=CI1,C2=C22, fr);
fi,

The code of the solution of the integral equation
3) is:

restart, with(LinearAlgebra) :

fr= 8% —5x Kxt == 3x + 2-t; lambda = I;

eq = phi(x) =fx + lambda-int(Kxt-phi(z),t=0..1);

k1l = Kxt, k12 := diff (Kxt,x$1); k13 := diff (Kxt, x$2);

k21 = diff (Kxt, 1$1); k22 = diff (Kxt, x$1, 1$1); k23 := diff (Kxt, x$2, 1$1);
k31 = diff (Kxt, 1$2); k32 := diff (Kxt, x$1, 132); k33 = diff (Kxt, x$2, 1$2);

DK2 = Matrix(2,2, [kl1,kI2,k21,k22]); zDK2 = Determinant(DK2);
DK3 = Matrix(3,3, [k11,k12, ki3, k21, k22, k23, k31, k32, k33]); zDK3

= Determinant(DK3);

ifzDK2 # 0 and zDK3 = 0 then print ('"Yadro_uravneniya_ virogdenno ');

else print ('Yadro_uravneniya_NE virogdenno');
fi;
ifzDK2 #+ 0 and zDK3 = 0 then

plx = x; qlt :== 3, p2x := 2;q2t :=t, fx = 8% —5x;

fr == fx +lambda-(CI-(plx) + C2-(p2x));
all = int((subs(x=t,plx))-qlt,t=0..1
al2 = int((subs

)

)9
(x=t,p2x))-qlt,t=0.1);

a2l = int((subs(x=t,plx))-q2t,t=0..1)

a22 = int((subs(x=t,p2x))-q2t,t =0..1)

f1 = int((subs(x=t, fx))-qlt,t=0.1);

12 = int((subs(x=t, fx))-q2t,t=0.1);

i

>

s:= ({Cl1 — (all-C11 4 al2-C22) =f1,C22 — (a21-C11 4 a22-C22) = f2});

rs = solve(s, {C11, C22}); assign(rs);
req = subs(Cl1=CIl1,C2=C22, fr),
fi;

As can be seen, the function f(x), the kernel

K(x,t), Aare inserted at the initial stage. Then the
integral equation (3) is written down. In the second
cycle we insert pl(X) =X, ql(t) =3, pz(x) =2,
d, (t) =1, according to the representation K(X, t)

in the form (13). The solution of the integral equation
is performed in the LinearAlgebra package.
Approbation of the code on numerous examples of the
form (3) allowed us to automate the solution of the
Fredholm integral equation with a degenerate
kernel[11].
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