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Introduction 

The method, the principle of which is to 

construct a minimizing sequence, is called the Ritz 

method. The method was proposed in 1909 and is 

named after its founder, the German mathematician 

Walter Ritz. One of the important fields of application 

of the Ritz method is optics. For example, it is used to 

calculate the characteristics of optical resonances.   

 

   

As established, the solution of equation : 

( )Pfu = , (1) 

 

where   - is a positive operator, is represented in the 

definition of the minimum value of a functional of the 

form: 

 

  ( ) ( )fuuuuf ,2, −= .       (2). 

 

In finding an approximate solution to an 

equation, the following steps are performed. Select 

functions whose sequence belongs to the set of 

functions continuous on  ba,
 
and having continuous 

first and second derivatives in it [1]:     

 

( ) ( ) ( ),...,,...,, 21 PPP n      (3) 

 

 

It is necessary that for the functions ( ) Pn  the 

conditions are satisfied: 

1) there is completeness in energy for ( ) Pn ; 

2) functions from ( ) Pn  were linearly 

independent at n . 

The functions (3)
 
are called coordinate (basis) 

functions.  
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For the first terms ( ) Pn is a linear 

combination of [1]-[3]: 

( ) ( )PaPu j

n

j

jn 
=

=
1

,                            (4) 

where ja  - random numbers. 

Substituting (4) into (2) yields an expression of 

the functional ( ) PuF as a function with n variables 

naaa ,,, 21  : 
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Depending on the values of ja , the function (5) 

takes different values. Select ja so that  nuF in (5), 

has the smallest value. The necessary conditions are 

met for the minimum of  nuF : 

 
0=





i

n

a

uF
,                                (6) 

ni ,,2,1 = . 

When the operator  is positive, the minimum 

value of  nuF is obtained under the condition that 

ja is a solution of the system (6). 

Calculating the derivatives of 
 

i

n

a

uF




, 

ni ,,2,1 = , and substituting (2.8) into 123 , we 

obtain the explicit system (9): 
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  - Kronecker symbol. 

 

Hence, the expression for 
 

i

n

a

uF




is written as:  
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in which operator  is symmetric: 

( ) ( )jiij  ,, = . 

Substituting expression (10) into (9) forms a 

system of equations called the Ritz system  [1],[4]: 

 

( ) ( )fa ik

n

k

ki ,,
1

 =
=

,  ni ,,2,1 = .  (11) 

 

The determinant of the system matrix (11) is the 

Gramm determinant of linearly independent functions 

ja . Its value is not equal to zero. So, it always has a 

solution (11) at positive  . When the system is 

solved, the ka  is calculated. The found values of ka

, are substituted into (4) and ( )Pun  
is determined.  

The approximate solution of equation (1), obtained by 

Ritz method is ( )Pun  [1],[5].  

Theorem: The minimizing sequence for (2) is 

only the approximate solutions of equation (1) by the 

Ritz method if the solution of equation (4) is finite in 

energy. 

 It turns out that convergence to the exact 

solution of approximate solutions by the Ritz method 

is in energy. There is also convergence of solutions in 

the mean under the condition of positive definiteness 

of the operator  . 

Let us consider finding an approximate solution 

of the minimum functional problem by the Ritz 

method[1]: 
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( )( )
−

+−=

1

1

2
cos2][ dxxeyyyV x

, ( ) 21 =−y , ( ) 31 =y . 

 

Let us perform the solution in the Maple 

computer mathematics system. It is necessary to select 

basis functions, being guided by the fact that for basis 

functions ( )xn  the determination of their 

completeness by energy with respect to the class of 

functions from the set of functions continuous on 

 ba, and having continuous first and second 

derivatives in it, taking as  the corresponding 

operator[6]. 

When comparing ( )xuN at certain N values, 

the correctness of the result obtained is evaluated. For 

this purpose, ( )xuN at a particular value N is taken 

as the final result. Such a technique can also be used 

in function selection ( )xn  [1]. 

Let us uppose the function ( )xu
 

has a 

representation in the form of a series: 

( ) ( )


=

=
0n

nn xaxu  . 

 

At least, by pre-specifying the accuracy, it is 

possible to obtain an approximation of ( )xu by a 

segment of a series. Obviously, the functions 

( ) xn approximate quite accurately any inferred 

function and its derivative. This implies that condition 

1) for ( ) xn Ritz's method is satisfied. This 

condition represents a sufficient condition by 

considering a minimizing sequence. In addition, 

condition 2) for ( ) xn of the Ritz method requires 

the functions to be linearly independent. The 

fulfillment of the condition of unambiguous 

solvability of the system of equations (3) allows this 

to be achieved. A mandatory condition for functions 

( ) xn  
is the fulfillment of the boundary conditions 

of the problem[1],[6]. 

As functions ( ) xn in many cases we consider 

functions of the form: 

 

( ) ( ) ( )mmk

k bxaxxx −−= −1 ,       (12) 

 

where ,3,2,1=k . 

The completeness condition on the energy of 

the species operator is satisfied for the set (12): 

( )
m

m
m

dx

ud
2

2

1−                (13) 

with boundary conditions: 

 
( ) ( ) ( ) ( ) 1,,1,0 −== mbuau kk  .     (14) 

 

In individual cases, there may be a system of 

functions of the form: 

 

( )
( )

( ) 








−

−
=

ab

axk
xk


 sin ,        (15) 

where ,3,2,1=k  

 

Let the basis functions be the system of functions 

(15). Let us introduce an approximating function Us
[1]: 
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The assignment of function Us is carried out in 

the procedure. By assigning specific values to N we 

have an explicit expression of the functions, in which 

the terms of the series according to N appear. For 

example,   
 

 

 

 

 

The procedure for formulating the Ritz equations 

is as follows [1]: 

  

The boundary points, the number of terms of the 

series, and the integrand function are entered:   

  

 
 

 

 

 

 

 

The approximating function ( )1,xUs has the 

following form, according to the performed 

calculations:  
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The exact solution to the problem:
 

Let's plot the graphs of the approximate solution 

( )1,xUs and the exact solution ( )xy [9],[10]: 

 

 
 

 
 

 

 

Results of solving the original problem using 

Euler's method at steps 5=N , 7=N with exact 

solution: 

 

 

 

 



Impact Factor: 

ISRA (India)        = 6.317 

ISI (Dubai, UAE) = 1.582 

GIF (Australia)    = 0.564 

JIF                        = 1.500 

SIS (USA)         = 0.912  

РИНЦ (Russia) = 3.939  

ESJI (KZ)          = 8.771 

SJIF (Morocco) = 7.184 

ICV (Poland)  = 6.630 

PIF (India)  = 1.940 

IBI (India)  = 4.260 

OAJI (USA)        = 0.350 

 

 

Philadelphia, USA  224 

 

 

 
 

As we see, the approximate solution constructed 

by the Ritz method with smaller steps gives a better 

solution than the solution constructed by the Euler 

method with larger steps. 

 

 

 

 

 

 

 

 

References: 

 

 

1. Goloskokov, D.P. (2004). Equations of 

mathematical physics. Problem solving in the 

system of Marle - textbook for universities. 

(p.539). St. Petersburg: Piter. 

2. Abdrakhmanov, V.G., & Rabchuk, A.V. (2022). 

Elements of variational calculus and optimal 

control. (p.112). SPb.: Lan'. 

3. Gunter, N.M. (2009). Course of variational 

calculus. (p.320). SPb.: Lan'. 

4. Vasilieva, A.B. (2005). Differential and integral 

equations. Calculus of variations in examples 

and problems. (p.432). Moscow: Fizmatlit. 

5. Panteleyev, A.V. (2012).  Variational calculus in 

examples and problems. (p.228). Moscow: 

Vuzovskaya kniga. 

6. Goloskokov, D.P. (2004).  Equations of 

mathematical physics. Problem solving in the 

system of Marlebook for universities. (p.539). St. 

Petersburg: Piter. 

7. Krasnov, M.L., Makarenko, G.P., & Kiselev, 

A.I. (1973). Variational calculus: Tasks and 

exercises. (p.191). Moscow: Nauka. 

8. Golovina, L. I. (2016). Linear algebra and some 

of its applications. (p.392). Moscow: Alliance. 

9. Kirsanov, M. N. (2020). Mathematics and 

programming in Maple: textbook. (p.164). 

Moscow: IPR Media. 

10. Dyakonov, V.P. (2017). “Maple 9.5 10 in 

mathematics, physics and education”. (p.720). 

Moscow: SOLON-PRESS. 

 

 

 


